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Lecture 6
Some examples of Banach and Hilbert spaces are:

• Rd is a Hilbert space of dimension d.

• Let E ✓ Rd and p � 1. The set Lp(E), defined as:

Lp(E) =
⇢

f : E ! R :
Z

E
| f (x)|p dx < •

�
,

is an infinite dimensional vector space (so long as E has nonzero
Lebesgue measure). We can define a norm as follows:

k f kp =

✓Z

E
| f (x)|p dx

◆1/p

,

which makes it a Banach space (since it is complete). When p = 2,
we can also define an inner product:

h f , gi =
Z

E
f (x)g(x) dx,

which makes L2(E) a Hilbert space.

• Let C[0, 1] be the space of real valued continuous functions on the
interval [0, 1]. This is a vector space, and we can make it an inner
product space via:

h f , gi =
Z 1

0
f (x)g(x) dx.

However, it is not a Hilbert space because it is not complete! Here is
an example showing why. Define a sequence of functions { fn}n�1 ⇢
C[0, 1]:

fn(x) =
⇢

nx if x 2 [0, 1/n],
1 if x 2 (1/n, 0].

You can show that fn is a Cauchy sequence in the norm:

k f k2 =
Z 1

0
f (x)2 dx.
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But the limit as n ! • is:

lim
n!•

fn(x) = f (x) =
⇢

0 if x = 0
1 if x 2 (0, 1] /2 C[0, 1].

A subset U of a normed space V is dense if every point v 2 V ei-
ther belongs to U or is a limit point of U. For any normed space V, one
can construct a complete normed space V, which contains V as a dense
subspace. The space V is called the completion of V. As an example, the
completion of C[0, 1] (as defined above) is L2[0, 1]. Since every inner prod-
uct space can be completed to be a Hilbert space, inner products spaces
are sometimes referred to as pre-Hilbert spaces.

Some properties of finite dimensional inner product spaces (which
you studied in linear algebra), carry over to general (infinite dimensional)
Hilbert spaces. One such property is the notion of a projection. Let H be
a Hilbert space and U ⇢ H a closed subspace. Then every v 2 H can be
written uniquely as:

v = z + z?, z 2 U, hz?, ui = 0, 8 u 2 U.

The vector z is the unique element of U such that:

kv � zk = inf
u2U

kv � uk.

The map v 7! z is called the projection of x onto U, and is denoted:

PUv = Pv = z.

The projection operator P is a linear map.
Let A be an index set (e.g., N), which is possibly uncountably infinite

(e.g., R). A collection of vectors {vi}a2A ⇢ H is an orthonormal system if

hva, vbi = da,b =

⇢
1 if a = b,
0 if a 6= b.

A set B = {ea}a2A ⇢ H is an orthonormal basis (ONB) if it is an orthonor-
mal system and if

8 a 2 A, hv, eai = 0 =) v = 0.
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A Hilbert space H is separable if it has a countable ONB; this means we
can take the index set A to be N.

Every vector v 2 H (separable or not) can be represented in an ONB
B = {ea}a2A as:

v = Â
a2A

hv, eaiea. (14)

Parseval’s Theorem proves that:

kvk2 = Â
a2A

|hv, eai|2.

Note that the right hand side of (14) may have an infinite number of
nonzero terms, unlike an algebraic basis for an infinite dimensional vector
space.

Another example of a Banach space is `p, where 1  p  •. For
1  p < •, define `p as:

`p =

8
<

:x = (x[i])i2N : x[i] 2 R, kxkp =

 

Â
i2N

|x[i]|p

!1/p

< •

9
=

; .

Define `• as:

`• =

⇢
x = (x[i])i2N : x[i] 2 R, kxk• = sup

i2N

|x[i]| < •
�

.

We remark that the series (1/n)n2N is in `p for p > 1.
The space `2 (so p = 2) is a Hilbert space with inner product:

hx, yi = Â
i2N

x[i]y[i].

It is a separable Hilbert space, since the following countable set B is an
ONB for `2:

B = {ek : k 2 N, ek[i] = d(k � i)}.

5 Kernels

5.1 Introduction

Adapted from [1, Chapter 2.1]

29



Spring 2017 CMSE 820: Math. Foundations of Data Sci.

Kernels k(x, x0) allow us to build nonlinearity into our machine learning
algorithms via the similarity measure between x, x0 2 X . For unsuper-
vised learning, this will allow us to untangle highly nonlinear data, that
linear methods like PCA cannot. For supervised learning, many binary
classification kernel algorithms have the form:

y = f (x) = sgn

 
n

Â
i=1

aik(x, xi) + b

!
, (15)

while in kernel regressions we have:

f (x) =
n

Â
i=1

aik(x, xi) + b.

Let’s look at a couple of examples to motivate the use of kernels.
Consider the following labeled training data in Figure 7(a). The decision
boundary we need to learn is a circle. Linear learning algorithms, like
the one described in Section 2, can only learn linear decision boundaries,
which in this case are lines. Thus we need a nonlinear algorithm.

(a) Two class training data in which the decision
boundary is a circle.

(b) Data from Figure 7(a) after nonlinear mapping im-
plicitly defined by the kernel k(x, x0) = hx, x0i2.

Figure 7: Illustration of the implicit nonlinear mapping of the nonlinear
polynomial kernel.

Let x, x0 2 X ⇢ R2 and consider the following nonlinear quadratic
polynomial kernel:

k(x, x0) = hx, x0i2.
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If we expand this kernel, we get:

k(x, x0) = hx, x0i2,

= (x[1]x0[1] + x[2]x0[2])2 ,
= x[1]2x0[1]2 + x[2]2x0[2]2 + 2x[1]x[2]x0[1]x0[2],
= hF(x), F(x0)i,

where

F : R2 ! R3,

x = (x[1], x[2]) 7! F(x) = (x[1]2, x[2]2,
p

2x[1]x[2]).

Thus k(x, x0) is a linear kernel between x and x0, after the nonlinear map-
ping x 7! F(x). In other words, it is linear in the “feature space” defined
by the image of F. Figure 7(b) shows that this nonlinearity is enough to
transform the nonlinear decision boundary in Figure 7(a) into a linear
decision boundary (which is a 2D hyperplane since we are now in R3).
Pretty amazing! To drive this point home, if we examine this kernel in the
classifier (15) we get:

f (x) = sgn

 
n

Â
i=1

aik(x, xi) + b

!
,

= sgn

 
n

Â
i=1

ai
�

x[1]2xi[1]2 + x[2]2xi[2]2 + 2x[1]x[2]xi[1]xi[2]
�
+ b

!
,

= sgn

  
n

Â
i=1

aixi[1]2
!

| {z }
w1

x[1]2 +

 
n

Â
i=1

aixi[2]2
!

| {z }
w2

x[2]2 + · · ·

· · ·
 

n

Â
i=1

ai
p

2xi[1]xi[2]

!

| {z }
w3

p
2x[1]x[2] + b

!
,

= sgn
⇣

w1x[1]2 + w2x[2]2 + w3
p

2x[1]x[2] + b
⌘

.

So the kernel is learning weights in the nonlinear feature space F(x), and
linearly combining the weighted features to classify x.
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Exercises

Exercise 12. Sketch a “proof” that the kernel k(x, x0) = hx, x0i2 can learn
any ellipsoidal decision boundary in R2 centered at the origin, given suf-
ficient (even say infinite) training data. More specifically, let X = R2 and
Y = {�1,+1}, with class �1 lying inside the ellipse, and class +1 lying
outside the ellipse (see Figure 8). Explain convincingly that the following
binary classifier:

y = f (x) = sgn

 
n

Â
i=1

aik(x, xi) + b

!
.

can learn this ellipsoidal boundary, if it has enough training data. This
does not have to be a rigorous proof, but you should use equations and
mathematical ideas to make your points.

Figure 8: Ellipsoidal decision boundary

Figure 9(a) illustrates another example: two intertwined spirals, each
with a different class label. The class boundary here is highly nontrivial,
since the two spirals are intertwined. On the other hand, the data lies on
a 1D curve, so if we can “untangle” this curve the problem will become
much simpler. This is exactly what nonlinear dimension reducing meth-
ods do. In this case, we used something called “diffusion maps,” which
uses heat diffusion to learn that this data lies on a 1D curve, and then
maps this data into a much simpler curve given in Figure 9(b). The algo-
rithm is built upon the Gaussian kernel, which is defined as:

k(x, x0) = exp(�kx � x0k2/2s2),
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where s gives the width of the kernel. We’ll come back to “diffusion
maps” and other such algorithms later in the course. But it is clear from
Figure 9(b) that the decision boundary for the classification problem can
now be taken as a line!

(a) Two intertwined spirals, each with a different class
label.

(b) Data from Figure 9(a) after nonlinear mapping
learned, unsupervised, via diffusion maps.

Figure 9: Illustration of nonlinear manifold learning to unwind highly
curved data.

Exercises

Exercise 13. Let x, x0 2 Rp. Prove that the kernel

k(x, x0) = (hx, x0i+ c)2, c 2 R

induces a feature map F : Rp ! H into all monomials up to degree 2.
What is the dimension of H? Discuss the role of c.
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