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Lecture 14
8.2

k-Means clustering

Adapted from [2, Chapter 3.1.1]
In the previous section we motivated spectral graph theory by looking at
some interesting embeddings of graphs. Hidden in that exposition were
some more general properties of the eigenvalues and eigenvectors of the
graph Laplacian that are related to clustering graphs. We now motivate
the systematic development of these unstated ideas by first describing a
popular clustering algorithm, which is k-means.
Suppose we have k “centers” µ1 , . . . , µk 2 R p and we want to cluster
(or partition) all of R p into k sets S1 , . . . , Sk such that if x 2 Si , then x is
closer to µi than it is to µ j for any other j 6= i. Such a partition is called a
Voronoi diagram. Suppose by closer we mean the standard Euclidean norm;
the sets (or cells as they are often called) Si in the Voronoi diagram are
then defined as:

8 i = 1, . . . , k,

Si = { x 2 R p : k x

µi k  k x

µ j k, 8 j 6 = i }.

Figure 23(a) visualizes a particular Voronoi diagram. Notice that the Voronoi
diagram depends upon our notion of distance. If we replace the Euclidean
norm with the `1 norm,

kx

0

x k1 =

p

Â | x [i ]

x 0 [i ]|,

i =1

then the resulting Voronoi diagram is given in Figure 23(b). So different
metrics give different clusters! This is perhaps obvious, but it again reminds us that our notion of similarity greatly affects how are algorithm
will behave.
The k-means algorithm aims to find k clusters of a finite amount of
data Xn = { x1 , . . . , xn } ⇢ R p by using a Voronoi-like partition of space.
It partitions the n data points into clusters S1 , . . . , Sk ⇢ {1, . . . , n} with
centers µ1 , . . . , µk 2 R p as the solution to:
min

k

Â Â kxj

partition S1 ,...,Sk
centers µ1 ,...,µk i =1 j2Si
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(a) Voronoi diagram with Euclidean distance

(b) Voronoi diagram with `1 distance

Figure 23: Voronoi diagrams with different metrics
Notice that, if the partition S1 , . . . , Sk is fixed, then the optimal centers are
give by:
1
µi =
xj,
|Si | jÂ
2S
i

which is simply the mean of the set Si , hence the notation µi .
The k-means algorithm is an iterative algorithm. It is initialized by
choosing k random centers µ1 , . . . , µk . It then alternates between:
1. Given centers µ1 , . . . , µk , assign each points xi 2 Xn to the cluster:
j = arg min k xi
`=1,...,k

2. Update the centers: µi =

1
| Si |

µ ` k.

Â j 2 Si x j .

The algorithm continues until the centers and clusters stabilize. The algorithm is guaranteed to converge, but it is not guaranteed to find the
solution to (45). Indeed, it often gets stuck in local minima, and in fact
optimizing (45) is NP-hard. Other issues that can arise using k-means are:
• One needs to set k in advance, and because the algorithm can get
stuck in local minima, it is sensitive to the initial random choice of
µ1 , . . . , µk (see the slides).
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• As it stands now, it is formulated in terms of Euclidean space R p ,
and so would need to be reformulated if all we have are some notions of similarity (like a metric or kernel). This can be done though.
• The solutions to k-means are always convex clusters, which means
it will have trouble finding clusters that are not convex (imagine
winding tubes).
All of these issues motivate the study of spectral clustering.

8.3 The graph Laplacian
Adapted from [10, Lecture 2]
We now give a more systematic treatment of the graph Laplacian and
prove our first fundamental result relating the connectivity of a graph to
the spectrum of its graph Laplacian.
8.3.1

Review of some basics of graph theory

We first give some definitions regrading graphs.
Recall that a graph G = (V, E) consists of vertices and edges. Without
loss of generality, we can take the vertices to be V = {1, . . . , n}. Edges are
then denoted by (i, j) 2 E, which is an unordered pair.
A graph G = (V, E) is connected if for every i, j 2 V there exists a
sequence i = k1 , . . . , k m = j such that (k ` , k `+1 ) 2 E for all ` = 1, . . . , m.
The sequence k1 , . . . , k m is called a walk between i and j. If the vertices
k1 , . . . , k m are distinct, then the sequence is called path and the length of
the path is m 1. If G is connected then every i, j 2 V are connected by a
path.
Graphs G that are not connected are called disconnected. Each maximal
connected piece of a graph is called a connected component. Connected
graphs have one connected components, and disconnected graphs have
two or more connected components.
The degree of the vertex i is the number of vertices j 2 V connected
to i by an edge:
deg(i ) = #{ j 2 V : (i, j) 2 E}.
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