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Lecture 17
8.4 Weighted path graphs

Taken from [10, Lecture 3]

As alluded to at the end of the previous section, we now analyze weighted
path graphs. To that end, we prove the following:

Theorem 6 (Fiedler). Let P = (V, E, w) be a weighted path graph on n vertices,
let LP have eigenvalues 0 = l1 < l2  · · ·  ln, and let jk be an eigenvector
with eigenvalue lk. Then jk changes sign k � 1 times.

We will need to first prove a few lemmas in order to prove Theorem
6. The first of these is Sylvester’s Law of Inertia:

Theorem 7 (Sylvester’s Law of Intertia). Let A be any symmetric matrix and
let B be any non-singular matrix (that is, B has no zero singular values). Then,
the matrix BABT has the same number of positive, negative and zero eigenvalues
as A.

Proof. We first recall three facts from linear algebra.

1. The first is that BAB�1 has the same eigenvalues as A, since:

Aj = lj () BAB�1(Bj) = l(Bj).

2. The second fact is that rank(A) = rank(BAB).

3. The third is that every nonsingular matrix B can be written B = QR,
where Q is an orthonormal matrix (meaning QTQ = QQT = I) and
R is an upper-triangular matrix with positive diagonals (this is the
so-called QR factorization).

We are going to begin by using a slight variation of the last fact, and
write B = RQ. Now, since QT = Q�1, by the first fact we know that QAQT

has exactly the same eigenvalues as A. Define

8 t 2 [0, 1], Rt = tR + (1 � t)I,
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and consider the family of matrices

8 t 2 [0, 1], Mt = RtQAQTRT
t .

At t = 0 we have R0 = I and so M0 = QAQT has the same eigenval-
ues as A. For t = 1 we have M1 = BABT. Since all of the matrices Mt
are symmetric, they all have real eigenvalues (by the Spectral Theorem).
Additionally, the eigenvalues of a symmetric matrix are continuous func-
tions of the entries of the matrix. Therefore, if the number of positive,
negative, or zero eigenvalues of BABT differs from that of A, then there
must be some t for which Mt has more zero eigenvalues than does A.
But the matrices Rt are upper triangular with positive diagonal entries,
and hence are non-singular (since the eigenvalues of Rt are the diagonal
entries). Thus the rank of Mt must equal the rank of A, which means this
cannot happen.

Fiedler’s Theorem will follow from an analysis of the eigenvalues of
tri-diagonal matrices with zero row-sums. These may be viewed as Lapla-
cians of weighted path graphs in which some edges are allowed to have
negative weights.

Lemma 2. Let M be an n ⇥ n symmetric matrix such that

M1 = 0.

Then:
M = Â

i 6=j
�MijLGi,j . (53)

Proof. Equation (53) is an equality between two matrices. Let A denote
the right hand side matrix. On the off diagonal it is clear that both M (the
LHS) and A (the RHS) are equal. Notice as well that the right hand side
satisfies:

A1 = Â
i 6=j

�MijLGi,j1 = Â
i 6=j

�Mij0 = 0.

Thus M1 = 0 and A1 = 0. Notice that these are sets of n equations and
n unknowns (i.e., the n diagonal entries), which have unique solutions.
Since the off diagonal entries of M and A are identical, the n equations
are the same, and thus the solutions are as well, meaning that the diagonal
of M and A are the same.
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Lemma 3. Let M be a symmetric tri-diagonal matrix with 2q positive off-diagonal
entries such that

M1 = 0.
Then M has q negative eigenvalues.

Proof. By Lemma 2 and the fact that M is symmetric and tri-diagonal, we
may write:

M =
n

Â
i=2

�Mi�1,iLGi�1,i .

Thus for v 2 Rn,

vT Mv =
n

Â
i=2

�Mi�1,i (v[i � 1]� v[i])2 .

Now we perform a change variables that will diagonalize the matrix M.
Let d[1] = v[1] and set d[i] = v[i]� v[i � 1] for i � 2, so that:

v[i] = d[1] + d[2] + · · ·+ d[i].

Notice that if we define the lower triangular matrix T as:

T =

0

B

B

@

1 0 0 · · · 0
1 1 0 · · · 0
... ... ... . . . ...
1 1 1 · · · 1

1

C

C

A

,

then
v = Td.

By Sylvester’s Law of Inertia (Theorem 7), we know that

A = TT MT

has the same number of positive, negative and zero eigenvalues as M. On
the other hand,

d

T Ad = d

TTT MTd = vT Mv =
n

Â
i=2

�Mi�1,id[i]2.

Thus A has one zero eigenvalue (with eigenvector d[1] = 1, d[j] = 0 for
all j � 2) and a negative eigenvalue �Mi�1,i for each Mi�1,i > 0 (with
eigenvector d[i] = 1, d[j] = 0 for all j 6= i), of which there are q.
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Proof of Theorem 6. We consider the case when jk has no zero entries. The
proof for the general case may be obtained by splitting the graph by re-
moving the vertices with zero entries. For simplicity, we also assume that
lk has multiplicity 1.

Recall we wish to show that jk changes sign k� 1 times. This is equiv-
alent to showing that:

#{i = 1, . . . , n � 1 : jk[i]jk[i + 1] < 0} = k � 1.

Let Vk denote the diagonal matrix with jk on the diagonal. Consider the
matrix:

M = VT
k (LP � lk I)Vk.

The inner matrix LP � lk I has one zero eigenvalue and k � 1 negative
eigenvalues derived from the eigenvalues and eigenvectors of LP. So, by
Sylvester’s Law of Inertia (Theorem 7), M has k � 1 negative eigenvalues,
one zero eigenvalue, and n � k postitive eigenvalues.

We are now going to use Lemma 3. The matrix M is clearly symmetric
and tri-diagonal, and additionally:

M1 = VT
k (LP � lk I)Vk1 = VT

k (LP � lk I)jk = VT
k 0 = 0.

Thus we can apply Lemma 3 to M. We note additionally that

Mi,i+1 = �w(i, i + 1)jk[i]jk[i + 1],

and thus we see that Mi,i+1 is positive precisely when jk[i]jk[i + 1] < 0.
Since M has k � 1 negative eigenvalues, by Lemma 3 it must have k � 1
positive entries on the upper diagonal, which means that jk[i]jk[i+ 1] < 0
must occur for exactly k � 1 indices.
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