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Lecture 20
9 Manifold learning
We are now going to add geometry on top of the spectral graph theory
developed over the previous lectures. To do so we introduce the notion of
a smooth manifold, which provides a mathematical framework for us to
work with data sampled from complex geometric shapes. The Laplacian
will once again play a fundamental role, and the coupling of graph the-
ory and geometry will allow us to interpret the graph Laplacian as a dis-
crete approximation of the continous Laplacian operator over a manifold.
This interpretation will imply that the eigenvectors and eigenvalues of the
graph Laplacians that we compute characterize the underlying manifold
that our data is sampled from.

9.1 The Laplacian and the heat equation
Adapted from [11, Chapter 2.1.3]

Manifold learning is intimately related to heat diffusion. We review the
heat equation on Rd now.

Let W ⇢ Rd be an open, bounded domain. The Laplace operator is
defined as:

D =
d

Â
i=1

∂

2

∂x2
i
.

Recall that the gradient of a function f : Rd ! R is defined as:

r f (x) =
✓

∂ f
∂x1

(x), . . . ,
∂ f
∂xd

(x)
◆

.

The gradient r f : Rd ! Rd defines a vector field over Rd. Let F : Rd ! Rd

be a general vector field,

F(x) = (F1(x), . . . , Fd(x)).

The divergence of F is:

div F(x) = r · F(x) =
∂F1

∂x1
(x) + · · ·+ ∂Fd

∂xd
(x).
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It follows that the Laplace operator can be defined as:

D f (x) = divr f (x).

Define the related Laplacian operator L as

L = �D.

The closure of W is the closed domain

W = W [ ∂W,

where ∂W is the boundary of W and is simply defined as the set difference
W \ W. The Laplacian eigenvalue problem on W is

L f (x) = l f (x), x 2 W,

with one of the following boundary conditions:

f (x) = 0, x 2 ∂W, (Dirichlet)
∂ f
∂n

(x) = 0, x 2 ∂W, (Neumann)

where n is the normal to the boundary ∂W. We will consider Neumann
boundary conditions, unless otherwise stated.

It is known that L is a self-adjoint operator. Since W is bounded, L has
a countable set of eigenvalues, and each eigenvalue has finite multiplic-
ity. Additionally, all eigenvalues of L are non-negative; order them with
multiplicity as:

0  l1  l2  · · ·  lk  · · · ! •.

Let the corresponding eigenfunctions be denoted by fk : Rd ! R, so that

Lfk(x) = lkfk(x).

With Neumann boundary conditions, l1 = 0 and f1(x) ⌘ C is a constant
function assuming W is connected. Notice the similarity with the graph
Laplacian.

The collection {fk}•
k=1 forms an ONB for L2(W), so that:

8 f 2 L2(W), f =
•

Â
k=1

h f , fkifk.
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Since hf1, fki = 0 for k � 2 and f1 is constant, we see that

8 k � 2,
Z

W
fk(x) dx = 0.

Thus, again paralleling the graph treatment, we see that fk are oscillating
functions, which can be interpreted as Fourier modes for the domain W.
The larger lk, the more fk oscillates over W.

Let u(x, t) be a function defined on W ⇥ [0, •), with x 2 W and time
t 2 [0, •). Let

ut =
∂u
∂t

.

Consider the heat equation with Neumann boundary condition:

ut = Du, in W ⇥ (0, •),
∂u
∂n

= 0, in ∂W ⇥ (0, •),

u(x, 0) = f (x), in W.

Given the initial solution f , the solution u can be computed through the
fundamental solution, otherwise known as the heat kernel. The heat ker-
nel K(x, y; t) satisfies

Kt = DxK,
lim
t!0

K(x, y; t) = d(x � y).

With the heat kernel K, the solution u can be computed as:

u(x, t) =
Z

W
K(x, y; t) f (y) dy.

The heat kernel can be further related to D through the exponential for-
mula, which states:

K(x, y; t) =
•

Â
k=1

e�lkt
fk(x)fk(y), t 2 (0, •), x, y 2 W.

It follows that:
u(x, t) =

•

Â
k=1

e�tlkh f , fkifk(x).
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We thus define the integral operator:

e�tD f (x) =
Z

W
K(x, y; t) f (y) dy,

and will at times call e�tD the heat kernel.
Exercise 31 (optional). Let A : L2(W) ! L2(W) be a positive semi-definite
operator acting on square integrable functions f : W ! R. Define a new
operator eA : L2(W) ! L2(W) as:

eA =
•

Â
k=0

Ak

k!

Prove that if l is an eigenvalue of A with eigenfunction j 2 L2(W), then
el is an eigenvalue of eA with the same eigenfunction j.
Exercise 32 (optional). Using the definition in the previous exercise, prove
that u(x, t) = etD f (x) is the solution to the heat equation with initial
condition u(x, 0) = f (x). In other words, prove

∂

∂t
�

etD f
�

(x) = D
�

etD f
�

(x)

Exercise 33 (optional). Using Mercer’s Theorem and the fact that the heat
kernel is continuous, conclude from the previous two exercises that the
heat kernel can be written as:

K(x, y; t) =
•

Â
k=1

e�lkt
fk(x)fk(y), t 2 (0, •), x, y 2 W.
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