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Lecture 23
9.6 Laplacian Eigenmaps
Taken from [12].

We at last are ready to integrate geometry into data science. We begin
with Laplacian Eigenmaps [12].

We define “big O” and “little o” notation before beginning. Let f :
R ! R and h : R ! R. We say that

f (x) = O(h(x)) as x ! a

if and only if there exists constants C, d > 0 such that

| f (x)|  C|h(x)| when 0 < |x � a| < d

In other words, f (x) = O(h(x)) as x ! a if

lim
x!a
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�
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f (x)
h(x)

�

�

�

�

< •.

We shall use this often when a = 0, and in this case simply write f (x) =
O(h(x)).

“Little o” notation is similar but is a stronger condition. We say

f (x) = o(h(x)) as x ! a

if and only if

lim
x!a
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�

�

�

f (x)
h(x)

�

�

�

�

= 0.

9.6.1 Optimal manifold embeddings

We motivate the Laplacian Eigenmaps algorithm by considering how to
embed M ⇢ RN into a lower dimensional space. Let us start by trying
to map M to the real line R. We are looking here for a map from the
manifold to the real line such that points close together on the manifold
are mapped close together on the line. Let f : M ! R be such a map.

Let p, q 2 M. The following proposition shows that kr f (p)kp pro-
vides us with an estimate of how far apart f maps the two points.
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Proposition 7. Let f : M ! R and p, q 2 M. Then

| f (p)� f (q)|  dM(p, q)kr f (p)kp + o(dM(p, q)).

Proof. Let
l = dM(p, q),

and let g : [0, l] ! M be a geodesic curve parameterized by length (mean-
ing that kg

0(t)k
g(t) = 1 for all t) such that g(0) = p and g(l) = q. Then:

f (q) = f (p) +
Z l

0
∂

g

0(t) f (g(t)) dt = f (x) +
Z l

0
hr f (g(t)), g

0(t)i
g(t) dt.

Now, by the Cauchy-Schwartz inequality (which holds on Riemannian
manifolds too),

hr f (g(t)), g

0(t)i
g(t)  kr f (g(t))k

g(t)kg

0(t)k
g(t) = kr f (g(t))k

g(t).

Now Taylor expand the function t 7! kr f (g(t))k
g(t) around t = 0 to get:

kr f (g(t))k
g(t) = kr f (g(0))k

g(0) + ∂tkr f (g(t))k
g(t)

�

�

t=0 · t + · · ·
= kr f (p)kp + O(t)

Thus:

f (q)  f (p) +
Z l

0
kr f (p)kp + O(t) dt = f (p) + lkr f (p)kp + o(l),

which gives the result.

If we want to find a map f that does not distort local geodesic dis-
tances on M too much, Proposition 7 motivates us to look for a map
f : M ! R that preserves locality on average by trying to find:

arg inf
k f k2=1

Z

M
kr f k2 (62)

Set
L = �D

Then by (61) we have:
Z

M
kr f k2 =

Z

M
fL f = h f ,L f i
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Thus the solution to (62) must be an eigenfunction of L. If M is com-
pact and connected, then L has a discrete set of eigenvalues 0 = l1 <
l2  l3  · · · with Neumann boundary condition. In this case the first
eigenfunction f1 2 L2(M) is the constant function, which maps M to a
single point. Since this is not terribly interesting and erases all geometric
information about M, we replace (62) with

arg inf
k f k=1

h f ,f1i=0

Z

M
kr f k2

It follows that the solution to (9.6.1) is the second eigenfunction of L,
which is f2. Thus the map f2 : M ! R provides an optimal one dimen-
sional embedding of M. If instead we want an optimal m dimensional
embedding, we take F : M ! Rd, where:

F(p) = (f2(p), . . . , fm+1(p)),

where fk is the kth eigenfunction of L with eigenvalue lk.

9.6.2 Optimal graph embeddings

Now let us examine the graph analogue of the previous section. Suppose
we have a connected, weighted graph G = (V, E, w) with non-negative
weights w(i, j) and with n vertices V = {x1, . . . , xn}. We consider the
problem of mapping the graph G to a line so that connected points stay
as close together as possible. Let y = (y1, . . . , yn)T be such a map. A rea-
sonable criterion for choosing a “good” map is to minimize the following
objective function:

Â
(i,j)2E

w(i, j)(yi � yj)
2, (63)

subject to appropriate constraints. The objective function with our choice
of weights w(i, j) incurs a heavy penalty if neighboring points xi and xj
with large weight w(i, j) are mapped far apart. Therefore, minimizing it
is an attempt to ensure if xi and xj are “close,” then yi and yj are close as
well.

From our work in spectral graph theory, we know that

Â
(i,j)2E

w(i, j)(yi � yj)
2 = yTLy,
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where L = D � A is the graph Laplacian with Aij = w(i, j). The mini-
mization problem is then recast as:

arg inf
y

yTDy=1

yTLy. (64)

The constraint yTDy = 1 removes an arbitrary scaling factor in the em-
bedding. We view yTDy as the norm of y over the measure D on the
graph. Making the change of variable

z = D1/2y

we get the equivalent optimization problem:

arg inf
z

zTz=1

zT Nz,

where N = D�1/2LD�1/2 is the normalized graph Laplacian. It follows
that the vector z that minimizes the objective function is the eigenvector
j1 of N with minimum eigenvalue g1. We know from our previous work
that j1 = d1/2, where d1/2[i] =

p
Dii, and that g1 = 0. It follows that the

solution to (64) is y? = D�1/2
j1 = 1, the constant vector.

To eliminate this trivial solution which collapses all vertices in the
graph to a single point, we put an additional constraint of orthogonality
and look for:

arg inf
y

yTDy=1
yTD1=0

yTLy.

The condition yTD1 = 0 can be interpreted as removing a translation
invariance in y.

By a previous homework exercise, we know that this new optimiza-
tion problem is equivalent to

arg inf
z

zTz=1
zTd1/2=0

zT Nz.

From that same homework we know that the solution is z? = j2, the
second eigenvector of N with eigenvalue g2 > 0. The new solution y? is
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given by y? = D�1/2
j2. Notice that this embedding preserves the local

geometry of the graph since it minimizes (63), but by Cheeger’s Theorem
it also let’s one cut the data set into two clusters!

If we want to embed the graph into an m-dimensional Euclidean space
with coordinate vectors y1, . . . , ym, we minimize

Â
(i,j)2E

w(i, j)ky(i) � y(j)k2,

where
y(i) = (y1[i], . . . , ym[i])T

is the m-dimensional representation of xi. Let

Y = [y1 · · · ym]

be the n ⇥ m matrix with columns given by y1, . . . , ym. Then the optimiza-
tion problem can be recast as:

arg inf
Y

YTDY=I

Tr(YTLY). (65)

Standard arguments show that we can compute Y by computing the low-
est lying eigenvectors j2, . . . , jm+1 of N, and then setting y?

k = D�1/2
jk.

Exercise 35 (optional). Prove that the solutions y?
1, . . . , y?

m to the optimiza-
tion (65) are given by the eigenvectors corresponding to the lowest m
eigenvalues of the generalized eigenvalue problem:

Ly = lDy

Exercise 36 (optional). Implement the Laplacian Eigenmaps algorithm.
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