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Lecture 25
9.7 Diffusion Maps [13]
We now incorporate some additional features into our embeddings. Namely,
multiscale data organizations, and the addition of data statistics and how
they influence (or not) the embedded geometry.

Recall that the asymmetric graph Laplacian is defined as

L = I � D�1A

and that
L f (xi) ⇡ 1

e

(I � D�1A)~f [i], e small,

where
Aij = e�kxi�xjk2/e.

Notice we have switched out t for e, to emphasize the smallness of the
value. In particular, these operators only encode very local geometry, as
we discussed previously, at the scale of e. In order to consider larger
scales, the main object of our study will be the matrix

P = D�1A

which corresponds to a random walk on the graph G. The operator P
encodes similar geometric information as L. Indeed, if yk is an eigenvec-
tor of L with eigenvalue gk, then it is an also an eigenvector of P with
eigenvalue lk = 1 � gk:

�Pyk = �D�1Ayk = yk � D�1Ayk � yk

= (I � D�1A)yk � yk

= Lyk � yk

= gkyk +�yk

= (gk � 1)yk

which implies that

�lk = gk � 1 ) lk = 1 � gk.
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The advantage to using the matrix P is that while it will encode the
same local information as L, we can take powers of P to encode informa-
tion at larger scales. Recall that we view P as a random walk on G. This
means that Pij is the probability of walking from vertex xi to vertex xj
in one step. Similarly, the power (Pt)ij is the probability of walking from
xi to xj in t steps. As we shall see later, we will be able to use this ran-
dom walk as an approximation for heat diffusion over the manifold M.
For now though, let’s consider a toy data set and see how this encodes
multiscale information about the data set.

Consider the data set of three clusters depicted in Figure 29(a). A
natural organization of this data set at a local scale is to partition it into
these three clusters. Our spectral graph theory techniques using the graph
Laplacian should be able to do this, or equivalently the random walk
matrix P. Suppose (unrealistically) that the n data points are ordered so
that the first n/3 are in the upper right cluster, the next n/3 are in the
lower right cluster, and the last n/3 are in the left cluster. Then the matrix
P will is given Figure 29(b). The structure of the matrix clearly depicts the
three clusters.

Note that the data points depicted in Figure 29(a) are colored by the
row of P in the top third of the matrix that corresponds to a point in the
upper right cluster in the center of that cluster. Suppose that this is the
first data point in the data set, x1. Then the data points are colored by P1,j
for j = 1, . . . , n. Remember that this row vector encodes the probability of
walking from x1 to each of the other points xj in the data set. We see that
there is a large probability of walking to each of the points in the same
cluster, a smaller probability of walking to each of the points in the lower
right cluster (which is close by), and a very small probability of walking
to any of the points in the left cluster (which is farther away). Notice that
all of the rows of P corresponding to this first cluster look more or less
like this.

Now let us run the random walk forward and see how these probabil-
ities update. If we compute P8, we get the matrix depicted in Figure 29(d),
and the colors of the data points are updated as in Figure 29(c). We see
that the two right clusters, which are closer together, have been merged in
the matrix P8, and that correspondingly the probability vector P1,j is now
nearly constant across both of the right two clusters. In other words, at
this meso-scale, we have two clusters: the left, and the right (two).

Now run the walk forward even further to P128. The matrix is given
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(a) Three clusters (b) Random walk matrix P

(c) Three clusters (d) Random walk matrix P8

(e) Three clusters (f) Random walk matrix P128

Figure 29: Multiscale organization of three cluster data set
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in Figure 29(f) and the colored clusters in Figure 29(e). At this point, the
random walk has merged all three clusters into one, and the probabilities
of transition in the row vector P1,j are relatively flat. In fact, all rows of
P are exactly the same. The row vector that they have all converged to is
called the stationary distribution of P.

Let us make some of these ideas precise. Let M ⇢ RN be a d-dimensional
manifold and let Xn = {x1, . . . , xn} ⇢ M be n points sampled from M.
Let k : M⇥M ! R be a kernel with nonnegative values, i.e., k(x, x0) � 0
for all x, x0 2 M. Let K denote the n ⇥ n Gram matrix of k:

Kij = k(xi, xj).

From our discussion of Laplacian eigenmaps, we know a natural choice
for k is:

k(x, x0) = k
e

(x, x0) = e�kx�x0k2/e.

Notice this was also a good choice for a kernel earlier in the course, when
we were discussing supervised kernel methods!

As before we are going to think of the Gram matrix K as defining a
weighted graph G = (Xn, E, w) with weights

w(i, j) = Kij.

In the notation above and used in spectral graph theory, we have A = K,
but we keep the notation K to emphasize that this is the Gram matrix
of some kernel function k defined on the underlying manifold. Define
degree, d(xi), of the point xi as

d(xi) = d
e

(xi) =
n

Â
j=1

k
e

(xi, xj).

Like before, the degree matrix D is diagonal matrix whose entry Dii is
given by d(xi):

Dij =

⇢

d(xi) i = j
0 i 6= j

We normalize the Gram matrix K with the degree matrix D to obtain the
random walk matrix P:

P = D�1K.
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The entries of P are given by:

Pij = p(xi, xj) =
k(xi, xj)

d(xi)
.

The random walk after t steps is given by Pt, with entries denoted by:

p(t)(xi, xj) = (Pt)ij.

Notice, for example, that p(2)(xi, xj) is equal to:

p(2)(xi, xj) =
n

Ầ
=1

p(xi, x`)p(x`, xj). (71)

In other words, p(2)(xi, xj) sums the probabilities of all individual length
two paths from xi to xj. The probabilities p(t)(xi, xj) similarly sum the
probabilities of all individual length t paths from xi to xj. Equation (71) is
an example of a more general property called the semi-group property:

p(s+t)(xi, xj) =
n

Ầ
=1

p(s)(xi, x`)p(t)(x`, xj).

Even though the matrix P is not symmetric, it has n eigenvalues and
eigenvectors. This follows from its relationship with the various graph
Laplacians defined earlier, or can be more directly showed by considering
the symmetric kernel

K = D�1/2KD�1/2

which has entries
Kij = k(xi, xj) =

k(xi, xj)
q

d(xi)d(xj)

If the kernel k is positive semi-definite, then k is positive semi-definite.
If the graph G is also connected (which we shall assume going forward),
then one can show that the eigenvalues lk of P satisfy

1 = l1 > l2 � l3 � · · · � ln � 0.

Recall from before that the Gaussian kernel is positive semi-definite. It
is easy to see (using what we did before with the graph Laplacian, or
directly) that y1 ⌘ 1 is constant.
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Let v : Xn ! R be a function on Xn, or equivalently a vector in Rn.
When the matrix P acts on v from the left, it is a diffusion (or averag-
ing) operator. This can be seen by expanding v in the eigenvector basis
generated by P. Let these eigenvectors be denoted as y1, . . . , yn, and set

v =
n

Â
i=1

aiyi.

Since y1 ⌘ 1, the coefficient a1 corresponds to the average component of
v. Note that applying Pt to v yields:

Ptv = a1y1 +
n

Â
i=2

l

t
iaiyi.

In other words, since li < 1 for all i � 2, Ptv preserves the average
component while dampening the other oscillatory components encoded
by y2, . . . , yn. As t ! •, all that is left is the average component of v.

133



Spring 2017 CMSE 820: Math. Foundations of Data Sci.

References
[1] Bernhard Schölkopf and Alexander J. Smola. Learning with Ker-

nels: Support Vector Machines, Regularization, Optimization, and Beyond.
Adaptive Computation and Machine Learning. The MIT Press, 2002.

[2] Afonso S. Bandeira. Ten lectures and forty-two open problems in the
mathematics of data science. MIT course Topics in Mathematics of Data
Science, 2015.

[3] Jon Shlens. A tutorial on principal component analysis.
arXiv:1404.1100, 2014.

[4] Karl Pearson. On lines and planes of closest fit to systems of points
in space. Philosophical Magazine, Series 6, 2(11):559–572, 1901.

[5] V. A. Marchenko and L. A. Pastur. Distribution of eigenvalues in cer-
tain sets of random matrices. Mat. Sb. (N.S.), 72(114):507–536, 1967.

[6] J. Baik, G. Ben-Arous, and S. Péché. Phase transition of the largest
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