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We recall where we left o↵ in the previous lecture. We considered a real
symmetric window g(t) with the following additional structure:

• supp g = [�1/2, 1/2]

• g(t) � 0 so that |bg(!)|  bg(0) for all ! 2 R

• kgk2 = 1 but also bg(0) =
R
g(t) dt = kgk1 ⇡ 1

For a scale � we set
g�(t) = �

�1/2
g(��1

t)

and we noted that

supp g� = [��/2, �/2] and kg�k2 = 1

We defined the windowed Fourier transform with the scale parameter � as:

S�f(u, ⇠) =

Z +1

�1

f(t)g�(t� u)e�i⇠t
dt

We considered a signal

f(t) = a(t) cos ✓(t)

Theorem 26 showed how the windowed Fourier transform analyzes such a
signal, by proving that:

S�f(u, ⇠) =

p
�

2
a(u)ei[✓(u)�⇠u]

⇣
bg(�[⇠ � ✓

0(u)]) + "(u, ⇠)
⌘

where

|"(u, ⇠)|  "a,1(u, ⇠) + "a,2(u, ⇠) + "✓,2(u, ⇠) + sup
|!|��✓0(u)

|bg(!)|

with

"a,1(u, ⇠) 
�|a

0(u)|

|a(u)|

and

"a,2(u, ⇠)  sup
|t�u|�/2

�
2
|a

00(t)|

|a(u)|
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Furthermore, if �|a0(u)||a(u)|�1
 1, then

"✓,2(u, ⇠)  sup
|t�u|�/2

�
2
|✓

00(t)|

And finally, if ⇠ = ✓
0(u), then

"a,1(u, ⇠) =
�|a

0(u)|

|a(u)|
|bg0(2�✓0(u))|

Let us now suppose that the error term can disregarded, so that

S�f(u, ⇠) ⇡

p
�

2
a(u)ei[✓(u)�⇠u]bg(�[⇠ � ✓

0(u)])

Since the maximum of |bg(!)| is at ! = 0, we see that for each u the spec-
trogram PSf(u, ⇠) = |S�f(u, ⇠)|2 is maximum at ⇠u = ✓

0(u). These time
frequency points (u, ⇠u), which form curves in the time frequency plane, are
called ridges. At ridge points we have:

S�f(u, ⇠u) = S�f(u, ✓
0(u)) =

p
�

2
a(u)ei[✓(u)�u✓0(u)](bg(0) + "(u, ✓0(u)))

If the bandwidth satisfies (19), then Theorem 26 shows that the "a,1(u, ⇠)
error term is negligible, since in this case |bg0(2�✓0(u))| will be negligible.

We can calculate the amplitude from the ridges as well:

a(u) ⇡
2|S�f(u, ✓0(u))|

p
�|bg(0)|

if the error term "(u, ✓0(u)) is small.
The spectrogram computes the instantaneous frequency by computing

the magnitude of S�(u, ⇠) along the ridges. Another way to calculate the
instantaneous frequency is to look at the phase of S�f(u, ⇠) along the ridges.
Let ⇥Sf(u, ⇠) be the complex phase of S�f(u, ⇠), which again if the error
term can be disregarded, is just:

⇥Sf(u, ⇠) ⇡ ✓(u)� ⇠u

It follows that
@⇥Sf(u, ⇠)

@u
= ✓

0(u)� ⇠
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and thus the instantaneous frequency can be computed by estimating this
partial derivative and solving for its zeros.

Consider now a signal model

f(t) =
KX

k=1

ak(t) cos ✓k(t)

where ak(t) and ✓
0

k(t) have small variations over intervals of size � and
�✓

0

k(t) � �! (in other words, we can neglect the error term). Since the
windowed Fourier transform is linear, we have:

S�f(u, ⇠) ⇡

p
�

2

KX

k=1

ak(u)e
i[✓k(u)�⇠u]bg(�[⇠ � ✓

0

k(u)])

We can distinguish between the K di↵erent instantaneous frequencies if

bg(�[✓0k(u)� ✓
0

l(u)]) ⌧ 1, 8 u 2 R, k 6= l (20)

We can obtain this condition if the bandwidth of g satisfies

�!  �|✓
0

k(u)� ✓
0

l(u)|, 8 u 2 R, k 6= l

In this case, when ⇠ = ✓
0

l(u), we have

S�f(u, ✓
0

l(u)) ⇡

p
�

2

0

BBBB@
al(u)e

i[✓l(u)�u✓0l(u)]bg(0) +
X

k 6=l

ak(u)e
i[✓k(u)�u✓0l(u)]bg(�[✓0l(u)� ✓

0

k(u)])

| {z }
⌧1

1

CCCCA

⇡

p
�

2
al(u)e

i[✓l(u)�u✓0l(u)]bg(0)

and thus we can estimate the instantaneous frequency ✓0l(u) and correspond-
ing amplitude al(u). Notice that the ridge points are distributed along the
K time frequency curves {(u, ✓0k(u)) : u 2 R, 1  k  K}. So long as these
curves remain well separated (as measured by (20)), we will be able to recover
the instantaneous frequencies. However, if the curves get too close, or even
worse intersect, then the windowed Fourier transform will have interference
and the ridge pattern will be destroyed in that neighborhood.
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We have already seen that along the ridge points the error term "a,1(u, ⇠)
is negligible if the bandwidth�! is small enough. But we still need make sure
the error terms "a,2(u, ⇠) and "✓,2(u, ⇠) are small, which means from Theorem
26 we need:

"2(u, ⇠)  max
k

sup
|t�u|�/2

�
2
|a

00

k(t)|

|ak(u)|
⌧ 1

and
"✓,2(u, ⇠)  max

k
sup

|t�u|�/2
�
2
|✓

00

k(t)| ⌧ 1

These place a condition on � in which we would like to make � small. How-
ever, recall that to make "a,1(u, ⇠) small at the ridge points and the fourth
part of the error term small, we needed

�!  �✓
0

k(u)

which means we would like to make � large. Since supp g� = [��/2, �/2],
this means we need to carefully select the window size. Notice how this leads
to a tradeo↵ between localization in time and localization in frequency.

Let us now consider some examples. A linear chirp is of the form:

ef(t) = a cos(bt2 + ct)

It is called linear because its instantaneous frequency is ✓0(t) = 2bt + c.
Suppose we have a signal consisting of two linear chirps:

f(t) = a1 cos(bt
2 + ct) + a2 cos(bt

2)

To distinguish these two linear chirps, we need our window g to have band-
width �! satisfying

�!  �|✓
0

1(t)� ✓
0

2(t)| = �|c|

Since the amplitudes are constant, the error term "a,2 is zero. However,
"✓,2(u, ⇠) places an upper bound on the time support, which is:

�
2
|✓

00

k(u)| = 2b�2 ⌧ 1, k = 1, 2

Combining the previous two inequalities we get:

�!

c
 � ⌧

1
p
b
=) �! ⌧

c
p
b
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Figure 11: Top: Sum of two parallel linear chirps. Middle: Spectrogram.
Bottom: Windowed Fourier ridges.
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Figure 12: Top: Sum of two hyperbolic chirps. Middle: Spectrogram. Bot-
tom: Windowed Fourier ridges.
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Figure 11 illustrates an example.
Now consider a hyperbolic chirp, which has the form:

ef(t) = a cos

✓
↵

� � t

◆

When t < �, it has instantaneous frequency

✓
0(t) =

↵

(� � t)2

which varies quickly as t approaches �. Indeed, as t ! � we have ✓0(t) !

+1, which means that the instantaneous frequency increases to +1 in a
finite amount of time. This is a problem for the windowed Fourier transform
because it has a fixed scale in time, and so cannot resolve the fast high
frequency changes of the hyperbolic chirp. More precisely, for the error term
"✓,2(u, ⇠) in Theorem 26, we have "✓,2(u, ⇠)  �

2
|✓

00(u)| but for the hyperbolic
chirp,

�
2
|✓

00(u)| =
�
2
↵

|� � u|3
> 1, 8 |u� �| < (�2↵)1/3

Therefore the error term is uncontrolled, which leads to a lot of interference
in the time frequency response S�f(u, ⇠). Figure 12 illustrates the point for
the sum of two hyperbolic chirps,

f(t) = a1 cos

✓
↵1

�1 � t

◆
+ a2 cos

✓
↵2

�2 � t

◆

Exercise 37. Read Section 4.4.2 of A Wavelet Tour of Signal Processing.

Exercise 38. We are going to compute numerically windowed Fourier ridges.

(a) Take your windowed Fourier code and add in code to estimate the
Fourier ridges by estimating the local maxima of PSf(u, ⇠) = |S�f(u, ⇠)|2.

(b) Now write code to estimate Fourier ridges using the alternate approach,
which was to let ⇥Sf(u, ⇠) be the complex phase of S�f(u, ⇠), and to
solve for ⇠ such that

@⇥Sf

@u
(u, ⇠) = 0
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(c) Test your code by computing the windowed Fourier ridges of the signals
from Exercise 35. Do you get results similar to those from Figures 4.12,
4.13(b), 4.14(b) in A Wavelet Tour of Signal Processing? Turn in your
plots of the ridges.

Exercise 39. (a) Let f(t) = cos(a cos(bt)). We want to compute precisely
the instantaneous frequency of f(t) from the ridges of its windowed
Fourier transform. Find a necessary condition on the window support
as a function of a and b.

(b) Now let f(t) = cos(a cos(bt)) + cos(a cos(bt) + ct). Find a condition
on a, b and c in order to measure both instantaneous frequencies with
the ridges of a windowed Fourier transform. Verify your calculations
numerically using your windowed Fourier ridge code from the previous
exercise. Turn in a plot of the spectrogram and another plot of the
ridges.

Exercise 40. [30 points] To avoid the time-frequency resolution limitations
of a windowed Fourier transform, we want to adapt the window size to the
signal content. Let g(t) be a window supported in [�1/2, 1/2]. We denote by
Sjf(u, ⇠) the windowed Fourier transform calculated with the dilated window
gj(t) = 2�j/2

g(2�j
t). Find a procedure that computes a single map of the

ridges by choosing the “best” window size for each (u, ⇠). One approach is
to choose the scale 2l for each (u, ⇠) such that |Slf(u, ⇠)|2 = supj |Sjf(u, ⇠)|2.
Test your algorithm on the linear and hyperbolic chirp signals from Exercise
35. Test your algorithm on the “Tweet” and “Greasy” signals in WaveLab,
which can be downloaded at:

http://statweb.stanford.edu/⇠wavelab/

4.4 Wavelet Transforms

Section 4.3 of A Wavelet Tour of Signal Processing.

The hyperbolic chirp example illustrates that some types of signals require
a transform that can vary its scale to account for multiscale characteristics
within the signal. Another example is given in Figure 13, in which we have a
signal with multiple types of behavior, some over large scales (like the general
increasing and decreasing nature of the signal) and others over smaller scales
(like the singular points).
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Figure 13: A signal with multiscale structure.

As we shall see a bit later, a multiscale approach is also necessary for
characterizing local singularities in a signal f(t), as it is the ability to “zoom
in,” which will allow us to achieve such analysis.

Another motivation comes from considering the Fourier transform on
Lp[�⇡, ⇡] spaces (for more details on this discussion, see [2, Chapter 1]).
Set en(!) = e

in! and let A 2 L2[�⇡, ⇡] and recall that we defined the partial
Fourier series of A as:

SN(!) =
NX

n=�N

hA, enie
in!

, hA, eni =
1

2⇡

Z ⇡

�⇡
A(!)e�in!

d!

The crux of the proof of Theorem 20 was to show that

lim
N!1

kA� SNk2 = 0

This result can be extended to Lp[�⇡, ⇡] for 1 < p < 1. That is, if A 2

Lp[�⇡, ⇡] then
lim
N!1

kA� SNkp = 0, 1 < p < 1

In L2(R), we were also able to obtain a Plancheral formula, namely if set
bA[n] = hA, eni, then

kAk
2
2 =

1

2⇡

Z ⇡

�⇡
|A(!)|2 d! =

X

n2Z
| bA[n]|2 = k bAk22

In Lp[�⇡, ⇡] things are more subtle, and we cannot obtain kAkp (or even

an estimate of it) from only {| bA[n]|}n2Z. Indeed, let a 2 `2, and let ✏ =
(. . . , ✏�1, ✏0, ✏1, . . .) be a sequence of random variables drawn from the Bernoulli
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distribution, that is ✏n = 1 with probability 1/2 and ✏n = �1 with probability
1/2. Then the random Fourier series

lim
N!1

NX

n=�N

✏na[n]e
in!

converges to a function in Lp[�⇡, ⇡] (for every 2  p < 1) for almost every
choice of signs ✏. However, it is only true for every choice of signs when p = 2,
as the Plancheral formula shows.

When calculating the Lp[�⇡, ⇡] norm of A, knowing each Fourier coef-
ficient gives only the illusion of precision. Indeed, high frequency Fourier
modes are highly oscillatory and hence unstable, and thus it is better to
group these modes into dyadic blocks:

�jA(!) =
X

2j|!|<2j+1

hA, enie
in!

The decomposition of A into

A 7! {�jA}j�0

is referred to as a Littlewood-Paley decomposition of A. It is named such
because Littlewood and Paley proved that for each 1 < p < 1, there exists
constants C,C 0 such that

CkAkp  |hA, e0i|+

������

 
+1X

j=0

|�jA|
2

! 1
2

������
p

 C
0
kAkp

In other words the two norms are equivalent. Note that by the uncertainty
principle, the operators �j, which capture increasingly wide frequency blocks
of A, must corresponding to increasingly localized filtrations of A on [�⇡, ⇡].

All of these examples motivate the introduction of a new multiscale time
frequency transform, which will be the wavelet transform. A wavelet  2

L1(R) \ L2(R) is a function with zero average,
Z +1

�1

 (t) dt = 0

which is well localized in time and frequency. We normalize  so that k k2 =
1 and such that it is centered at t = 0.
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A dictionary of time frequency atoms is obtained by dilating  by s and
translating it by u:

D = { u,s}u2R, s>0,  u,s(t) =
1
p
s
 

✓
t� u

s

◆

Note that k u,sk2 = 1 for all (u, s). The wavelet transform of f 2 L2(R)
computes:

Wf(u, s) = hf, u,si =

Z +1

�1

f(t)
1
p
s
 
⇤

✓
t� u

s

◆
dt

The wavelet dictionary is a translation invariant dictionary, and hence
can be written as a family of convolutions. Set

e s(t) =
1
p
s
 
⇤

✓
�t

s

◆

and observe that
Wf(u, s) = f ⇤ e s(u)

If we set fs(u) = Wf(u, s), then:

bfs(!) = bf(!)be s(!),
be s(!) =

p
s b ⇤(s!)

Since  has zero average, the support b (!) must be away from ! = 0. It
follows that the wavelet transform computes a bandpass filtering of f with a
family dilated bandpass filters e s.

Wavelets can be either real valued or complex valued. Often in the latter
case they are taken to be complex analytic or nearly complex analytic. Such
wavelet transforms are good for analyzing instantaneous frequencies, which
we studied previously with the windowed Fourier transform. Real valued
wavelets, on the other hand, are good for detecting sharp transitions in a
signal, such as singular points. In this case the wavelets are defined as multi-
scale derivative operators. We will start with complex analytic wavelets since
they will parallel the windowed Fourier transform to a certain degree, and
then study real valued wavelets.

Exercise 41. Read the first part of Section 4.3 of A Wavelet Tour of Signal
Processing, up to (but not including) Section 4.3.1.
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4.4.1 Analytic Wavelet Transform

Section 4.3.2 of A Wavelet Tour of Signal Processing

An analytic wavelet is a complex valued wavelet  2 L1(R)\L2(R) such that

b (!) = 0, !  0

We can measure the Heisenberg boxes of the wavelet time frequency atom
 u,s. Suppose that  is centered at t = 0 so that its time variance is:

�
2
t =

Z +1

�1

t
2
| (t)|2 dt

Since  (t) is centered at zero,  u,s(t) is centered at t = u and its time variance
is computed as:

�
2
t (u, s) =

Z +1

�1

(t� u)2| u,s(t)|
2
dt

=

Z +1

�1

(t� u)2
1

s

���� 
✓
t� u

s

◆����
2

dt, v =
t� u

s

= s
2

Z +1

�1

v
2
| (v)|2 dv

= s
2
�
2
t

Since  is analytic, the center frequency ⌘ of  is

⌘ =
1

2⇡

Z +1

0
!| b (!)|2 d!

The Fourier transform of  u,s is

p
s b (s!)e�iu!

and thus its center frequency is

⇠u,s = ⌘/s

The frequency variance of  is

�
2
! =

1

2⇡

Z +1

0
(! � ⌘)2| b (!)|2 d!
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Figure 14: Heisenberg boxes of the analytic wavelet time frequency atoms.

and using a similar change of variables as before, we obtain:

�
2
!(u, s) =

�
2
!

s2

Thus the time frequency Heisenberg box of  u,s is centered at (u, ⌘/s) and
has length s�t along the time axis, and length �!/s along the frequency axis.
Figure 14 illustrates the idea. A wavelet transform is thus multiscale in time,
as it tests the signal f against localized oscillating waveforms at di↵erent
scales s. It is additionally, though, multiresolution in frequency, with better
frequency localization in the low frequencies, and worse frequency resolution
in the high frequencies.

Analogous the the spectrogram for the windowed Fourier transform, an
analytic wavelet transform defines a local time frequency energy density PWf ,
which measures the energy of f in the Heisenberg box  u,s. This density is
called the scalogram, and it is defined as:

PWf(u, s) = |Wf(u, s)|2

An analytic wavelet can be constructed in a similar fashion as the win-
dowed Fourier transform. Let g once gain be a real symmetric window, and
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set
 (t) = g(t)ei⌘t

Recall that Fourier transform of  is:

b (!) = bg(! � ⌘)

Thus if
bg(!) = 0, |!| > ⌘

then  is analytic; see Figure 15. Recall as well that since g is real and
symmetric, bg(!) is real and symmetric as well and thus the center of frequency
of  is ⌘.

Figure 15: Fourier transform b (!) of a wavelet  (t) = g(t)ei⌘t.

A Gabor wavelet  (t) = g�(t)ei⌘t is obtained with a Gaussian window

g�(t) =
1

p
2⇡�

e
�t2/2�2

where here g� is normalized so that k k1 = 1. The Fourier transform of the
Gaussian window is

bg�(!) = e
��2!2/2

Thus if �2⌘2 � 1, then bg�(!) ⇡ 0 for |!| > ⌘ and the Gabor wavelet has
nearly zero average is is nearly analytic. It is thus not a wavelet in the strict
sense of the term.

A Morlet wavelet modifies the Gabor wavelet to have precisely zero aver-
age; it is defined as:

 (t) = g(t)
�
e
i⌘t

� C�,⌘

�
, C�,⌘ = e

��2⌘2/2

A Morlet wavelet is thus a wavelet since
R
 = 0. It is nearly analytic, but

has a small negative response in the negative frequencies. Both 2D Gabor
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and 2D Morlet wavelets are often used in 2D computer vision and image
processing tasks.
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