
Spring 2018 Math 994: Comp. Harmonic Analysis

7.1 Convolutional Neural Networks

One approach to constructing a map � is to train a convolutional neural
network (CNN), which is a nonlinear transform �(f) that encodes translation
invariance at di↵erent scales. In the first layer of a CNN, the inputted signal
f is convolved against a family of filters {h1,k}

K1
k=1:

H1f = {f ⇤ h1,k : 1  k  K1}

The resulting K1 signals are then passed through a nonlinear function �,
which generally acts pointwise in u on each of the f ⇤ h1,k(u). That is,

�(H1f) = {�(f ⇤ h1,k(u)) : 1  k  K1, u 2 Rd
}

For example,

• �(f)(u) = |f(u)|, a pointwise modulus or absolute value

• �(f)(u) = max(0, f(u)), which is called rectified linear unit (ReLU)

• �(f)(u) = tanh[f(u)], the hyperbolic tangent of f(u), which nonlinearly
maps f(u) into [�1, 1].

The map � may also incorporate a sampling operator, which subsamples
�(f ⇤ h1,k) (this is often referred to as a pooling operation).

The resulting output of the first layer, �(H1f), is then passed to a second
family of filters {h2,k}

K2
k=1. In the simplest setup, every �(f ⇤h1,k) is convolved

against every h2,k:

H2�(H1f) = {�(f ⇤ h1,k1) ⇤ h2,k2 : 1  k1  K1, 1  k2  K2}

This second layer is then passed through the nonlinear function �:

�(H2�(H1f)) = {�(�(f ⇤ h1,k1) ⇤ h2,k2) : 1  k1  K1, 1  k2  K2}

A CNN with M layers computes M alternating linear convolution operators
and nonlinear maps �:

�(f) = �(HM�(HM�1 · · ·H2�(H1f)))

The map �(f) is then passed into a classifier or regressor, which could be the
linear one presented in (69), or it could be something more complicated (often
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Figure 49: An example of a basic CNN.

Figure 50: LeNet-5

it is something called a fully connected artificial neural network). Figure 49
shows an example. More complicated architectures are possible, in which for
example each filter in layer m is not necessarily convolved against all outputs
of layer m� 1; this is what LeNet-5 does, see Figure 50.

In a CNN, the architecture of the network is specified in advance. This
includes the number of layers, the number of filters per layer, the support of
the filters, and the nonlinearity �. However, the filters themselves are not
specified. Rather, they are learned from the training data, so that the error
between eL(fk) and L(fk) = yk is small (or the error rate in classification tasks
is small). As one can see, that leaves a lot of parameters to learn, which is
why CNNs generally require a lot of training data. Furthermore, the map
� corresponding to a CNN is very complicated, and thus the resulting op-
timization problem is non-convex. It is a large and active area of research
investigating how to solve this optimization problem, but we do not discuss
it further here. In addition to these computational considerations, the com-
plexity of the network and optimization make it very di�cult to understand,
in a precise mathematical fashion, why CNNs work. We will attempt to make
some headway on this over the last two lectures.

After training, one can go back and examine the filters that are learned
in each layer; Figure 51 does this. Remarkably, the first layer filters look like
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oriented Gabor functions and Gaussian blurring functions. The second layer
filters have more variability, but they are still clearly time-frequency atoms of
some sort. Motivated by this and other similar observations, we will replace
the generic filters {hm,k} with time frequency generators {��}�2� and study
the resulting networks mathematical properties.

7.2 Scattering Networks

The main reference for this section is [9].

A scattering network is a transform which is locally or globally invariant
to translations of the inputted signal f and stable to deformations of the
inputted signal f . It is a type of convolutional neural network built upon
semi-discrete time-frequency frames, and hence does not the learn the filters
but rather specifies them.

We first discuss what it means for a map � : L2(Rd) ! H to be translation
invariant and stable to deformations. Such a map must also preserve low and
high frequency information in f in order to distinguish it from other signal
types. Finding a map which achieves all three goals is a nontrivial task.

In what follows we assume that all f 2 L
2(Rd) are real valued.

7.2.1 Translation invariance and di↵eomorphism stability

Let us start with translation invariance. For c 2 Rd, let Lc : L2(Rd) ! L
2(Rd)

be the translation operator by c, i.e.,

Lcf(x) = f(x� c)

The map � is translation invariant if

�(Lcf) = �(f), 8 f 2 L
2(Rd), c 2 Rd

There are several ways to construct translation invariant maps �. One can
use anchor points, or compute the auto-correlation of f . A natural approach,
relevant to our studies this semester, is to compute the modulus of the Fourier
transform of f . Indeed, recall that

dLcf(!) = e�ic·! bf(!)

which implies that
|dLcf(!)| = | bf(!)|

167



Spring 2018 Math 994: Comp. Harmonic Analysis

(a) Layer 1 filters

(b) Layer 2 filters

Figure 51: Layer 1 and Layer 2 filters learned in a CNN after training on the
Kyoto database of natural images [8].
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and hence the map
�(f) = | bf |

is translation invariant.
However, the map �(f) = | bf | is not stable to deformations. We can see

this by studying dilations of f . For |"| < 1/2, let

L"f(x) = (1� ")d/2f((1� ")x)

be the L
2 normalized dilation of f , which has Fourier transform

dL"f(!) = (1� ")�d/2 bf((1� ")�1!)

The size of the dilation is |"| (this will be motivated more clearly in a bit).
A dilation is a type of deformation of f , and if �(f) is Lipschitz stable to
dilations then there exits a constant C > 0 such that

k�(f)� �(L"f)k  C|"|kfk2

Now consider f(x) defined as

f(x) = g(x)ei⇠·x

where g(x) = (2⇡)�d/2e�|x|2/2 is a normalized Gaussian with unit variance.
We know that

bf(!) = bg(! � ⇠) = e�|!�⇠|2/2

which is a Gaussian centered at ! = ⇠ also with unit variance. Notice that

dL"f(!) = (1� ")�d/2bg((1� ")�1! � ⇠)

= (1� ")�d/2bg((1� ")�1(! � (1� ")⇠))

= (1� ")�d/2e�|!�(1�")⇠|2/2(1�")2

which is a normalized Gaussian centered at (1 � ")⇠ with variance (1 � ")2.
Computing k�(f)� �(L"f)k2 yields:

k�(f)� �(L"f)k
2 = k bf � dL"fk

2
2

= k bfk22 + kdL"fk
2
2 � 2

Z

Rd

bf(!)dL"f(!) d!

= 2(2⇡)dkfk22 � 2

Z

Rd

bf(!)dL"f(!) d!
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By the calculations above, the last term is an overlap integral between a
Gaussian with unit variance centered at ⇠ and another Gaussian with variance
(1 � ")2 centered at (1 � ")⇠. Thus the distance between the two centers is
|"||⇠|, and the value of this integral is, approximately,

Z

Rd

bf(!)dL"f(!) d! ⇠ e�|"|2|⇠|2/2(1+(1�")2)

Thus for any |"| > 0 we can take ⇠ such that |⇠| � |"|�1, and we will get that
Z

Rd

bf(!)dL"f(!) d! ⇡ 0

It follows that for this choice of " and f ,

k�(f)� �(L"f)k ⇠ kfk

which is not proportional to the size of the dilation. Thus the Fourier modulus
is not stable to dilations, and in particular we see that the problem occurs in
the high frequencies since we needed to take the central frequency of f to be
⇠ with |⇠| � |"|�1.

Let us now return to our more general discussion. We say that � is L
2

stable if
k�(f)� �(h)k  kf � hk2, 8 f, h 2 L

2(Rd)

Now consider the class of small di↵eomorphisms ⇣ : Rd
! Rd of the form

⇣(x) = x� ⌧(x)

where ⌧ : Rd
! Rd is the displacement field. Write ⌧ as

⌧(x) = (⌧1(x), . . . , ⌧d(x))

and let r⌧(x) be the Jacobian of ⌧ , defined as:

r⌧(x) =

✓
@⌧i
@xj

(x)

◆d

i,j=1

Define kr⌧k1 as
kr⌧k1 = sup

x2Rd

kr⌧(x)k
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where kr⌧(x)k is the operator norm of the matrix r⌧(x). The map ⇣(x) =
x� ⌧(x) is a di↵eomorphism so long as kr⌧k1 < 1.

Define the Hessian of ⌧i : Rd
! R as the matrix:

H⌧i(x) =

✓
@2⌧i

@xj@xk
(x)

◆d

j,k=1

The Hessian of ⌧ is the 3-tensor:

H⌧(x) = (H⌧1(x), . . . , H⌧d(x))

Similarly to the Jacobian, define

kH⌧k1 = sup
x2Rd

kH⌧(x)k

Define as well
k⌧k1 = sup

x2Rd

|⌧(x)|

The size of ⇣ = id � ⌧ is measured as the magnitude of the di↵erence
between ⇣ and the identity operator, id. For C

2 di↵eomorphisms this is
defined via a family of metrics indexed by compact subsets ⌦ ⇢ Rd,

d⌦(id, id� ⌧) = sup
x2⌦

|⌧(x)|+ sup
x2⌦

kr⌧(x)k+ sup
x2⌦

kH⌧(x)k

Let L⌧ : L2(Rd) ! L
2(Rd) the be di↵eomorphism operator acting on functions

f ,
L⌧f(x) = f(x� ⌧(x))

The map � is Lipschitz continuous to the action of di↵eomorphisms if there
exists C > 0 such that

k�(f)� �(L⌧f)k  Ckfk2 (k⌧k1 + kr⌧k1 + kH⌧k1) , 8 f 2 L
2(R)

Notice that this does not imply translation invariance since kck1 = |c|. The
map � is translation invariant and Lipschitz continuous to di↵eomorphism
actions if

k�(f)� �(L⌧f)k  Ckfk2 (kr⌧k1 + kH⌧k1) , 8 f 2 L
2(R) (70)

Condition (70) is much stronger than just translation invariance. We now
go about defining a � that satisfies a condition similar (70), while preserving
much of the information content of f . The link with CNNs will arise naturally.
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7.2.2 Path-Ordered Scattering

For simplicity we now work in L
2(R). Let � be a symmetric real valued low

pass filter with Fourier transform b�(!) concentrated in [�⇡, ⇡]. Set �J(x) =
2�J�(2�Jx). Let {��}�2� be complex analytic time frequency atoms with zero
average, e.g., high pass filters such as wavelets. Later we will use wavelets
explicitly but for now it is not necessary. Consider the set of generators
D = {�J} [ {��}�2�. Assume throughout that they generate a Littlewood-
Paley tight frame, meaning that

|b�(2J!)|2 +
X

�2�

|b��(!)|
2 +

X

�2�

|b��(�!)|2 = 2, 8! 2 R

Recall that the frame analysis operator is:

�J(f) = {f ⇤ �J(u), f ⇤ ��(u) : u 2 R, � 2 �}

Since D is a Littlewood-Paley tight frame, recall that k�J(f)k = kfk2. Ad-
ditionally, one can show that �J is stable to di↵eomorphism actions in a
suitable sense that depends upon the type of {��}�2� and the class of func-
tions f 2 L

2(R). We will come back to this later.
The operator �J is not translation invariant, though. Indeed, recall that

�J(Lcf) = {f ⇤ �J(u� c), f ⇤ ��(u� c) : u 2 R, � 2 �}

However, the averaging operation

AJf = f ⇤ �J

is translation invariant up to the scale 2J . We will make this precise later, but
remember that b�J has support concentrated in [�2�J⇡, 2�J⇡], which means
that f ⇤�J can be recovered from samples on 2JZ. Full translation invariance
can be obtain by integrating f ⇤ �J . Let f,� 2 L

1(R) \ L
2(R)

Z +1

�1

f ⇤ �J(u) du =

Z +1

�1

Z +1

�1

f(x)�J(u� x) dx du

=

Z +1

�1

f(x)

Z +1

�1

�J(u� x) du dx

= b�(0)
Z +1

�1

f(x) dx

= b�(0) bf(0)
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Thus we obtain the integral of f , up to factor of b�(0).
The same procedure cannot be use for the coe�cient f ⇤ ��(u). Indeed,

since b��(0) = 0, a simple calculation shows that

Z +1

�1

f ⇤ ��(u) du = 0

Furthermore, we cannot even obtain translation invariance up to the scale
2J , since the Littlewood-Paley condition implies that the supports b�J and b��

are nearly disjoint for all � 2 �, meaning that

f ⇤ �� ⇤ �J(u) ⇡ 0

Therefore we require a nonlinear “demodulation” that will push the high
frequency content of f ⇤ �� to the low frequencies. We choose the complex
modulus, since it will allow us to obtain L

2 stability and stability to dif-
feomorphism actions. That is, the coe�cients f ⇤ ��(u) are replaced with
|f ⇤ ��(u)|. One can then extract nontrivial translation invariant coe�cients
by computing

Z +1

�1

|f ⇤ ��(u)| du or |f ⇤ ��| ⇤ �J(u)

where the first gives global translation invariance and the latter gives trans-
lation invariance up to the scale 2J .

Since |f ⇤ ��(u)| � 0 it is clear that its integral is not zero, but to gain a
little insight into why it pushes high frequencies to low frequencies, consider
the case of f(x) = �(x) and ��(x) = g(x)ei⇠x, where bg(!) is concentrated
around ! = 0. Since f is a Dirac, f ⇤�� = ��. The Fourier transform of �� is
b��(!) = bg(! � ⇠), which is concentrated around ⇠. However, the modulus of
�� is |��(x)| = g(x), which has Fourier transform concentrated around zero.

In what follows we focus on translation invariance obtained via low pass
filtering of frame analysis coe�cients, |f ⇤ ��| ⇤ �J . The averaging operator
AJ encodes localized translation invariance, but it removes high frequency
information of |f ⇤ ��| since b�J is essentially supported in [2�J⇡, 2�J⇡]. To
recover this lost high frequency information, we apply a second time frequency
transform modulus using the high pass filters {��}�2�. This computes:

||f ⇤ ��1| ⇤ ��2|, 8 �1, �2 2 �
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Locally translation invariant coe�cients are extracted by applying the low
pass filter on top of this:

||f ⇤ ��1| ⇤ ��2| ⇤ �J , 8 �1, �2 2 �

Since once again we have removed high frequency information, the process
is repeated leading to third order coe�cients and beyond. Notice that the
procedure is similar to a CNN: linear convolution layers alternating with
nonlinearities (in this case the complex modulus), with a pooling operation
to extract invariants (the convolution with �J)

We formalize these multi-order coe�cients by defining propagator opera-
tors. Define U [�] : L2(R) ! L

2(R) as

U [�]f = |f ⇤ ��|

We also define UJ : L2(R) ! `2(L2(R)),

UJf = {AJf, U [�]f : � 2 �} = {f ⇤ �J , |f ⇤ ��| : � 2 �}

The propagator UJ is a nonlinear version of �J . The next proposition shows
that it preserves the norm of f and is non-expansive.

Proposition 47. The propagator UJ : L
2(R) ! `2(L2(R)) preserves the

norm of f and is non-expansive, that is:

kUJfk = kfk2, 8 f 2 L
2(R)

and
kUJf � UJhk  kf � hk2, 8 f, h 2 L

2(R) (71)

Proof. We prove (71) first. Note that the modulus is non-expansive, in the
following sense:

||z|� |w||  |z � w|, 8 z, w 2 C
Therefore,

kUJf � UJhk
2 = kf ⇤ �J � h ⇤ �Jk

2
2 +

X

�2�

k|f ⇤ ��|� |h ⇤ ��|k
2
2

 k(f � h) ⇤ �Jk
2
2 +

X

�2�

k(f � h) ⇤ ��k
2
2

= k�J(f � h)k2

= kf � hk22
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Figure 52: The scattering transform computed by recursively applying the
propagator UJ .

The norm preservation is proved by setting h = 0 and noting that in this
case, the inequality above will be an equality.

Now we formalize path scattering. Set �0 = {;} and let �m for m � 1 be
all paths of of the form:

�m = {(�1, . . . , �m) : �k 2 �}

Set �1 as the set of all finite paths,

�1 =
1[

m=0

�m

Let p = (�1, . . . , �m) 6= ; denote an arbitrary path. Define the path propaga-
tor as:

U [p]f = U [�m] · · ·U [�1]f = |||f ⇤ ��1| ⇤ ��2| ⇤ · · · ⇤ ��m|

For p = ; we set:
U [;]f = f

For any P ✓ �1, define

U [P ]f = {U [p]f : p 2 P}
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Note that U [p] is well defined since

kU [p]fk2  k��mk2 · · · k��1k2kfk2

A scattering operator over a path p 2 �1 computes:

SJ [p] = AJU [�]f =

(
f ⇤ �J , p = ;

|||f ⇤ ��1| ⇤ ��2| ⇤ · · · ⇤ ��m| ⇤ �J , p = (�1, . . . , �m)

Analogously to U [P ] we also have

SJ [P ]f = {SJ [p]f : p 2 P}

We observe that SJ [�m]f is obtained by applying the propagator UJ to
U [�m]. Indeed,

UJU [�m]f = {SJ [�
m]f, U [�m+1]f} (72)

In this fashion we can obtain SJ [�1]f by repeatedly applying the propagator
UJ . We refer to SJ [�1]f as the scattering transform; Figure 52 illustrates
the process.
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