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Basics of statistical learning theory

Figure 11 illustrates an important concept in machine learning, which is the bias-variance
tradeoﬀ. Later in Section 4.2 we will discuss this in more detail. First, though, in Section 4.1
we examine k-nearest neighbors and linear regression from a statistical point of view. We
will also derive the naive Bayes classifier for classification, which will explain the purple line
in Figure 11. Then in Section 4.3 we will discuss the curse of dimensionality.

4.1

Statistical view of models

We now consider k-nearest neighbors and linear regression from the perspective of statistical
learning theory. Let us return to the assumptions of Section 1.3. In particular, recall that we
assume we have a probability space (X , ⌃, PX ), X = Rd , with probability density function
pX (x). We also have the label set Y, which we will assume is Y = R. Labels are drawn
from the conditional probability distribution PY |X , which has probability density function
pY |X (y | x), and which together with pX (x) forms the joint probability density function
pX,Y (x, y) = pX (x)pY |X (y | x). We draw our training set T = {(xi , yi )}N
i=1 from the joint
probability density pX,Y (x, y).
Now let X be a random variable (more precisely, random vector) that takes values in
X according to pX (x), and Y a random variable dependent upon X that takes values in R
according to pY |X (y | x), so that in particular the pair (X, Y ) take values according to the
joint probability distribution pX,Y (x, y). The variables X and Y , in other words, are just
like the samples xi and yi except that we view them as random variables instead of as fixed
samples.
If we had perfect knowledge of X , Y and pX,Y (x, y); and we are using the squared loss
as our measure of loss, i.e. `(y, f (x)) = |y f (x)|2 ; and we could pick any model f that we
want, then we would minimize the following:
Z
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Rtrue (f ) = EX,Y [(Y f (X)) ] =
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f (X))2 | X]

(9)

The functional Rtrue (f ) is called the true risk of the model f . It measures the quality of the
model f if we had an oracle that told us everything about the data generation process. In
practice, of course, all we are given is the finite number of training points T = {(xi , yi )}N
i=1 .
So instead of minimizing the true risk, which is almost always impossible because we simply
do not have complete knowledge (in fact if we did, we would not be doing machine learning!),
we instead minimize the empirical risk, which is the loss function we saw earlier:
Remp (f ) =

N
1 X
(yi
N i=1

f (xi ))2 .

Note that the empirical risk is the finite sample average of (Y f (X))2 . By the Law of Large
Numbers, Remp (f ) ! Rtrue (f ) as N ! 1 for a fixed f . This does not imply, though, that
the minimizer of the empirical risk converges to the minimizer of the true risk as N ! 1.
Rather this is a topic in statistical learning theory and must be proved for each new model
class.
We will study the ramifications of minimizing the empirical risk in Section 4.2. For now,
let us return to the theoretical scenario now and minimize the true risk, Rtrue (f ). From (9)
we see that we can solve for the optimal f pointwise, i.e., by finding fb(x) one x at a time.
In particular, we obtain:
fb(x) = arg min EY |X [(Y
c

c)2 | X = x] .

Taking the derivative with respect to c and setting it equal to zero, we obtain:
fb(x) = b
c = EY |X [Y | X = x] ,

that is, the conditional expectation of the label Y given that X = x. Notice how the optimal
model fb(x) depends only on the conditional expectation, and thus the conditional probability
distribution pY |X (y | x), giving more concrete justification to our earlier statement in Section
1.4 that in supervised learning we often ignore pX (x).
Note, in particular, if the label is a deterministic function of x, then seeing x once (i.e.,
drawing x as a training point xi ) is enough to determine f (x). If there is noise in the labeling
process, though, then one sample is not enough. However, in the training set there is typically
only one observation xi = x, and furthermore, in the test set we do not know the label and
must estimate it. Therefore in k-nearest neighbors we replace f (x) = E[Y | X = x] with
f (x) = Avg[yi | xi 2 Nk (x)] =

1
k

X

yi ,

xi 2Nk (x)

where we recall Nk (x) consists of the k points from the training set T closest to x. The
k-nearest neighbors algorithm is incorporating two approximations:
1. The expectation EY |X [Y | X = x] is approximated by a k-sample average over the
training data.
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2. The conditioning at the point X = x is relaxed to conditioning on some region, the
k-nearest neighbors in the training set, closest to the point x.
For large sample size N , the points in the k-nearest neighborhood are likely to be close to
x, and as k gets larger the average will get more stable. In fact, under certain conditions on
pX,Y (x, y), one can show that
Avg[yi | x 2 Nk (xi )] ! EY |X [Y | X = x] as k, N ! 1 with k/N ! 0 .
However, we do not always have enough data points N to well approximate the above limits.
In particular, as the dimension d increases, the number of sample points N needed to have
k points close to each possible x increases rapidly, thus potentially leading to very bad
approximations of EY |X [Y | X = x] (see Section 4.3 for more details).
The nearest neighbor model is good because it places very few assumptions on the underlying data generation process, encoded here by pX,Y (x, y). On the other hand, if we have
prior knowledge about the data generation process, leveraging that knowledge and using a
more structured class of models is preferred. The linear model described earlier is such a
model. Recall the linear model is:
f (X; ✓) = hX, ✓i = X T ✓ ,

X, ✓ : d ⇥ 1 ,

where we have omitted the bias term but which can easily be incorporated or assumed to
already be contained in X (as a constant dimension). Plugging this model into the true risk
Rtrue (f (·; ✓)) and minimizing the true risk with respect to ✓ (solved by diﬀerentiating with
respect to ✓ and setting equal to zero) one obtains:
✓b = (EX [XX T ]) 1 EX,Y [XY ] .

Note the solution we obtained earlier for the empirical risk, given in (5), is the empirical
version of the ✓b obtained here (in the empirical version we made the data points row vectors,
here they are column vectors, hence the switching of the transposes). Either way, we do not
condition on X = x. Rather we use the fact that we solving for an optimal linear model to
average over the values of X and Y .
But what about classification? In the previous discussions, we assumed Y = R, but often
we want to do classification and #(Y) = M , where M is the number of distinct classes.
In this case the squared loss does not make sense. A standard choice is the 0-1 loss, which
means that
⇢
0 y = f (x)
`(y, f (x)) =
(10)
1 y 6= f (x)
For now let us consider a general loss function, but we will come back to the 0-1 loss function
shortly. Regardless of the choice of loss function, the true risk is:
Rtrue (f ) = EX,Y [`(Y, f (X))] ,
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where we remind the reader that the expectation EX,Y is taken over the joint probability
density function of the data points X and the classes Y , pX,Y (x, y). Similar to the calculation
concluded in (9), we can condition on the data points X:
Z X
Rtrue (f ) = EX,Y [`(Y, f (X))] =
`(y, f (x))pX,Y (x, y) dx
=

Z

X y2Y
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X
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!

`(y, f (x))pY |X (y | x) pX (x) dx
#

`(y, f (X))pY |X (y | X) .

Like before, from this calculation we again see it is suﬃcient to compute the optimal model,
fb(x), point by point, meaning that:
X
fb(x) = arg min
`(y, y 0 )pY |X (y | x) .
(11)
y 0 2Y

y2Y

Now, if `(y, f (x)) is the 0-1 loss function (10), we can simplify (11) to
fb(x) = arg min 1
y 0 2Y

which itself is equivalent to

pY |X (y 0 | x) ,

fb(x) = arg max pY |X (y 0 | x) .
y 0 2Y

(12)

This model is called the naive Bayes classifier. It says, given a data point x, assign the
most probable class using the conditional probability pY |X (y | x); in retrospect, this is sort
of obvious. The catch is that we don’t know pY |X (y | x), and so we must estimate it. The
k-nearest neighbors algorithm is one way of doing so, and it can be pretty good; see Figure
12.
Remark 4.1. The Bayes classifier is not perfect because of uncertainty in the data generation
process. The source of that uncertainty is similar to the noisy label model (4), but it is
generated diﬀerently since here the labels are binary. Rather, the uncertainty comes from
the way in which the two classes are distributed over R2 . Here is a simpler example to give
you an idea of what is going on. Consider data in R2 generated from a Gaussian mixture
model consisting of two Gaussians, i.e.,

1
1
1
2
2
2
2
pX (x) =
e kx µ1 k2 /2 1 +
e kx µ2 k2 /2 2 .
2
2
2 2⇡ 1
2⇡ 2
The way that data is sampled from pX,Y (x) = pX (x)pY |X (y | x) is the following. First we flip
a coin. If it lands heads we sample x ⇠ N (µ1 , 1 ) and we assign x the label y = blue (-1).
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(a) The k-nearest neighbors classifier for k = 15.

(b) The naive Bayes classifier.

Figure 12: Comparison of the k-nearest neighbor classifier and the theoretical naive Bayes classifier. The k-nearest neighbor classifier does a good job of approximating the optimal Bayes decision
boundary. Figures taken from [6].

If it lands tails, we sample x ⇠ N (µ2 , 2 ) and we assign x the label y = orange (+1). If the
means µ1 , µ2 are close enough and the standard deviations 1 , 2 large enough, there will
be significant overlap between the two distributions which creates uncertainty in the label
of the point; see Figure 13. In our probabilistic framework, this means pY |X (y | x) varies
depending on the location of x, and in particular, pY |X (blue | x) = pY |X (orange | x) = 1/2
for x that are equidistant from µ1 and µ2 if 1 = 2 .
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Figure 13: Two Gaussian mixture model in which there is significant overlap between the two
Gaussians. Determining the label of new points sampled in the overlap region is diﬃcult and creates
uncertainty, even for the naive Bayes classifier with complete knowledge of the data generation
process.
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