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A mathematical neuron takes in a vector x 2 Rd and processes it via an aﬃne function
into R followed by a nonlinear “activation” function, that responds based on the output of
the aﬃne function. A single layer of a neural network has many such neurons. For example,
suppose we have d1 such neurons,
⌘k (z) = (hx, wk i + b(k)) ,

wk 2 Rd , b(k) 2 R , 1  k  d1 .

We collect the aﬃne parts of these d1 neurons into a single aﬃne map A : Rd ! Rd1 ,
A(x) = (hx, w1 i + b(1), . . . , hx, wd1 i + b(d1 ))T 2 Rd1 ⇥1 .
If we collect the weights wk into a single d ⇥ d1 matrix W and the biases b(k) into a single
d1 ⇥ 1 vector b,
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then we can rewrite A(x) as:

A(x) = WT x + b .

We can also write, with a slight abuse of notation, the collection of all d1 neurons as the
map:
x 7! (A(x)) = (WT x + b) = (⌘1 (x), . . . , ⌘d1 (x))T ,

where it is understood that acts element-wise.
An artificial neural network cascades the operations (A(x)) multiple times. Suppose
we have L layers and the aﬃne transform at each layer is denoted by A` , 1  `  L, in
which A1 : Rd ! Rd1 and A` : Rd` 1 ! Rd` for 2  `  L. An artificial neural network is a
representation (x; ✓) = ANN (x; ✓) given by:
(x; ✓) =

L (AL (· · ·

1 (A1 (x)))) ,

where the representation has parameters ✓ that are encoding the weight matrices W1 , . . . , WL
and the bias vectors b1 , . . . , bL . There is often a final layer that takes the vector (x; ✓) 2 RdL
and maps it to a scalar for regression or classification. In the regression setting, this means
we have a final weight vector ↵ 2 RdL ⇥1 such that
f (x; ✓, ↵) = h (x; ✓), ↵i .
1

(22)

Figure 23: An artificial neural network in with an input data point (layer) x 2 R3 , A1 : R3 ! R4 ,
A2 : R4 ! R3 , and ✓1 2 R3 . Figure taken from [5].

Similarly, for the logistic regression (can also be generalized to softmax regression), we have:
p(y | x, ✓, ↵) =

1
1+e

h (x;✓),↵i

.

The input to the network, x 2 Rd , is often called the input layer, the output f (x; ✓, ↵) or
p(y | x, ✓, ↵) the output layer, and the layers in between the hidden layers. Figure 23 depicts
an artificial neural network, and here is a two layer network for regression expanded out:
f (x; ✓, ↵) = ↵T

T
2 (W2

T
1 (W1 x

+ b1 ) + b2 ) .

The compositional structure of neural networks is thought to be one of the keys to their
success. Indeed, unlike linear models that have no composition and logistic regression which
only has one aﬃne transform and one nonlinear sigmoid, neural networks can have L such
layers of diﬀerent widths and with diﬀerent nonlinear functions at each layer. They thus have
significantly more flexibility, particularly for larger L. We will explore this in more detail in
later sections.
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