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7.3

Why ReLU? Vanishing gradients and optimization

Classically, sigmoidal type nonlinear activation functions have been used in neural networks
because they mimic the perceptron, which is thought to to be a good biological model for
neural activation in the brain. On the other hand, recently the ReLU activation function
(z) = max(0, z) and variants of it have become very popular. One explanation for this is in
the optimization of neural networks, and the phenomenon of “vanishing gradients.”
Consider a simple neural network in which x 2 R, all weights and biases are also scalar
valued, and we have L = 2,
f (x; ✓) = ↵ 2 (w2 1 (w1 x + b1 ) + b2 ) .
Let us compute the partial derivative of f (x; ✓) with respect to w1 ; we obtain:
@w1 f (x; ✓) = ↵ 20 (w2 1 (w1 x + b1 ) + b2 )w2 10 (w1 x + b1 )x .
More generally, for L layers but with the same scalar valued weights and biases, we would
have:
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Notice that if ` is a sigmoid or hyperbolic tangent, that `0 (z` ) will be small if |z` |
0.
0
Furthermore, if several such values ` (z` ) for multiple ` are small, we will multiply them
together, making them even smaller. Thus the partial derivative in the w1 weight will be
nearly zero, making it very hard for the gradient descent algorithm to change this weight.
Similar analysis holds for the other weights, although less multiplications will be involved.
This phenomenon is referred to as the vanishing gradient problem in deep learning, and
aﬀects all neural networks, not just scalar valued ones.
The ReLU function helps to alleviate the the vanishing gradient issue and thus make
training easier since 0 (z) = 1 for z > 0 if (z) = max(0, z). Thus the gradient will not
vanish due to . Equation (23) indicates one also needs to be careful with the weights,
making sure they do not get too small either, since the values of all the weights aﬀects the
gradient of w1 . On the other hand, if the weights get too large, their multiplication will be
1

a very large number, and the gradient will explode, leading to a very unstable optimization.
Proper initialization of the training data and weights help with these matters, as do other
heuristics in deep learning, that we will not go into but may be of interest to the reader.
We will see in later sections, that ReLU is also a good choice from the perspective of
approximation theory.
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Classic approximation theory results

We now shift into approximation theoretic results for artificial neural networks, which was
an active area of research in the late 1980s and 1990s, and with the recent popularity of
neural networks has re-emerged as an important topic in mathematics and computer science.
The field of approximation theory is concerned with one’s ability to approximate complex
functions with a collection of simpler functions.
In our case, we will focus on the data space X = [0, 1]d , the complex functions will be a
deterministic label function
y = F (x) , x 2 [0, 1]d ,
and the simpler functions will be one layer neural networks

F = {f (x; ✓) = f (x; W, b, ↵)} ,
of the form (22). Initially we will discuss results of the following form: given F (x) and ✏ > 0,
does there exists a neural network f (x; ✓) (meaning does there exist a number of layers
L < 1 and a finite number of parameters ✓) such that
|F (x)

f (x; ✓)| < ✏ ,

for all x 2 X ?

Recalling our squared loss we will also consider the following: for each ✏ > 0 and F (x) does
there exist a neural network f (x; ✓) such that
Z
2
EX [(F (X) f (X; ✓)) ] = (F (x) f (x; ✓))2 pX (x) dx < ✏ ?
X

We will initially just be concerned with whether the answer to these questions is true or not.
We will see that for certain classes of functions and certain neural network architectures the
answer is indeed in the aﬃrmative. Then we will investigate further and try to interpret and
relate such results to “real life,” which often will motivate the search for better theory.
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