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From the perspective of classical approximation theory, one way to resolve this issue is to
assume that F (x) is smoother, say F 2 Cs+1[0, 1]d, which means that F and all derivatives
of F up to order (s+1) are continuous and bounded. In this case one can approximate F (x)
in a neighborhood of u 2 Rd by a polynomial pu(x), which is the Taylor polynomial of F
around u, i.e.,

pu(x) =
X

k�k1s

1

�!
(@�F )(u)(x� u)� ,

where as in Example 8.4 � = (�(1), . . . , �(d)) 2 Nd with k�k1 and x� defined the same way.
We also define

�! =
dY

k=1

�(k)! ,

and
(@�F )(x) = [(@1)

�(1)
· · · (@d)

�(d)F ](x) .

The approximation property of pu(x) can be quantified using Taylor’s theorem, which gives

|F (x)� pu(x)|  Ckx� uks , (29)

where C is the Cs+1[0, 1]d norm of F ; that is,

C = max
k�k1s+1

sup
x2[0,1]d

|@�F (x)| .

From (29) it follows that

kx� uk  ✏1/s =) |F (x)� pu(x)|  C✏ .

Suppose then that instead of a one-layer ReLU network, which implements a local linear
regression, we instead developed a one layer neural network in which each neuron implements
a local polynomial regression. The previous equation shows that in order to approximate F (x)
uniformly on [0, 1]d with a C✏ error, we would need to have a training set that samples [0, 1]d
on an ✏1/s grid, which means that

# of training points = # of neurons + 1 = O(✏�d/s) .

This is definitely an improvement over the one layer ReLU network, but is still inadequate.
Indeed, the dimension d is often very large and the smoothness s is rarely proportional to d,
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meaning that s ⌧ d and thus that the number of training points / the number of neurons
is still astronomical. For future reference, we remark that if the number of training points
N + 1 is fixed, and hence the number of “local polynomial neurons” is N , we obtain that
there exists such a one layer neural network fN(x; ✓) with

sup
x2[0,1]d

|F (x)� fN(x; ✓)| < CN�s/d . (30)

Thus as the number of training points N ! 1, the approximation improves and the rate
at which the error goes to zero speeds up with increased smoothness (i.e., the larger s,
the faster the convergence) and decreases with dimension (i.e., the larger d, the slower the
convergence).

8.3 Refined one-layer analysis and two-layer neural networks

Our goal in this section is to arrive at a seemingly remarkable two-layer result of Pinkus that
can be found in [13].

8.3.1 Refinements of the one layer analysis

We first extend the one layer results to more general activation functions, and also refine
their analysis. Recall the approximation theorems of Cybenko (Theorem 8.1 and 8.2) and
Hornik (Theorem 8.3) relied on � being either sigmoidal or bounded and non-constant, while
the analysis in the previous section used the ReLU activation specifically. In fact, it turns
out that any continuous � that is not a polynomial works. Let us explain.

In order to simplify the exposition, note that any one layer neural network of the form

f(x; ✓) = f(x;W, b,↵) =
mX

k=1

↵(k)�(hx, wki+ b(k)) , (31)

lies in the space
M(�) = span{�(hx, wi+ b) : w 2 Rd , b 2 R} ,

and vice versa, that is any function in M(�) is a one-layer neural network of the form
(31). Theorem 8.1 and variants of it are then concerned with the following question: For
which � : R ! R is it true that, for any F 2 C[0, 1]d and ✏ > 0, there exists a function
f(x; ✓) 2 M(�) such that

sup
x2[0,1]d

|F (x)� f(x; ✓)| < ✏ ?

Theorem 8.1 proves the result for �(z) that are continuous and sigmoidal. It turns out that
the result is try for much more general functions �.

Theorem 8.7 (Pinkus 1999, [13]). Let �(z) be a continuous function. If �(z) is not polyno-
mial, then for each F 2 C[0, 1]d and each ✏ > 0, there exists an f 2 M(�) such that

sup
x2[0,1]d

|F (x)� f(x; ✓)| < ✏ . (32)
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Conversely, if for each F 2 C[0, 1]d and each ✏ > 0 there exists an f 2 M(�) such that (32)
holds, then �(z) is not a polynomial.

Theorem 8.7 strengthens Theorem 8.1 by allowing for any continuous activation function
�(z) so long as it is not a polynomial. The converse is relatively trivial. Indeed, if �(z) were
a polynomial of degree m, then M(�) would be the space of all degree m or less polynomials,
which certainly cannot approximate any continuous function (simply take F as a polynomial
of degree strictly larger than m). Let us sketch the proof of Theorem 8.7, as it contains some
interesting points.
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