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Proof sketch of Theorem 8.7. The first part of Pinkus proof is to reduce the problem over
[0, 1]d to a problem over compact subsets of R. First define N ( ) as the one-dimensional
analogue of M( ) (recall z 2 R):
N ( ) = span{ (wz + b) : w 2 R , b 2 R} .
The following proposition proves that solving the problem in one dimension using N ( ) is
enough to solve the problem in d-dimensions with M( ):

Proposition 8.8 (Pinkus 1999, [13]). Let K ⇢ R be a compact set, which means K is closed
and bounded. Suppose for every such K, for each G 2 C(K), and for each ✏ > 0, there exists
a g 2 N ( ) such that
sup |G(z)

g(z; )| < ✏

z2K

( are the parameters of g) .

Then for each each F 2 C[0, 1]d and each ✏ > 0, there exists an f 2 M( ) such that
sup |F (x)

f (x; ✓)| < ✏ .

x2[0,1]d

We will not prove this proposition, but we will use it, since it allows us to restrict our
attention to functions G 2 C(K), with K ⇢ R, as opposed to F 2 C[0, 1]d . The following
proposition, combined with Proposition 8.8, does most of the work in proving Theorem 8.7.
Proposition 8.9 (Pinkus 1999, [13]). Let 2 C1 (R) (i.e., can be diﬀerentiated an infinite
number of times) and assume is not a polynomial. Let K ⇢ R be compact. Then for each
G 2 C(K) and each ✏ > 0 there exists a g 2 N ( ) such that
sup |G(z)

g(z; )| < ✏ .

z2K

Proof of Proposition 8.9. It is a known fact that if
then there exists a point z0 2 R for which
(k)

(z0 ) 6= 0 ,

2 C1 (R) and

8k

is not a polynomial,

0.

The proof is tricky and requires the use of tools from graduate functional analysis, so we
omit it. But let us use this fact. Note that the function
((w + h)z + z0 )
h
1

(wz + z0 )

is in N ( ) for every h 6= 0. Letting h tend to zero we obtain:
lim

h!0

((w + h)z + z0 )
h

(wz + z0 )

=

d
(wz + z0 ) = z 0 (wz + z0 ) .
dw

Furthermore, if we set w = 0, we obtain:
d
(wz + z0 )
dw

= z 0 (z0 ) .
w=0

Therefore the function pe1 (z) = z 0 (z0 ), and thus the function p1 (z) = z (by rescaling by
1/ 0 (z0 )), can be approximated to arbitrary accuracy on K by functions in N ( ).
By similar arguments, we can conclude that the functions
dk
(wz + z0 )
dwk

= zk

(k)

(z0 ) ,

w=0

can be approximated to arbitrary accuracy on K by functions in N ( ), which means that
pk (z) = z k can be approximated on K to arbitrary accuracy by functions in N ( ). But
that is every monomial, which means that every polynomial can be approximated on K to
arbitrary accuracy by functions in N ( ).
Now remember the Stone-Weierstrass Theorem from Example 8.4. In fact it holds for
any compact set K ⇢ R, meaning there exists a polynomial p(z) such that
sup |G(z)

p(z)| < ✏/2 .

z2K

Let g 2 N ( ) approximate p(z) uniformly, which we know we can do by the analysis carried
out already in this proof:
sup |p(z) g(z; )| < ✏/2 .
z2K

It follows that
sup |G(z)

z2K

g(z; )|  sup |G(z)

p(z)| + sup |p(z)

z2K

g(z; )| < ✏ .

z2K

The proof of Theorem 8.7 is completed by using the fact that compactly supported C1 (R)
functions are dense in C(R), which allows one to remove the restriction that 2 C1 (R)
in Proposition 8.9 and replace with the less restrictive assumption 2 C(R). Theorem 8.7
then follows by applying this modified version of Proposition 8.9 combined with Proposition
8.8.
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8.3.2

Back to the rate of approximation

Recall in Section 8.2 we constructed ReLU networks that interpolated the training data
exactly, but needed a number of neurons that was only one less than the number of training
points. Any one layer nerual network with a continuous activation function that is not a
polynomial can also accomplish this feat.
Theorem 8.10 (Pinkus 1999, [13]). Let (z) be a continous function that is not a polynomial.
d
Given training data T = {(xi , yi )}N
i=1 with xi 2 R and yi 2 R, there exists a one layer neural
network f 2 M ( ) with exactly N neurons such that f (xi ; ✓) = yi for all 1  i  N . That
is, there exists w1 , . . . , wN 2 Rd , b 2 RN , and ↵ 2 RN , such that
N
X
k=1

↵(k) (hx, wk i + b(k)) = yi ,

8,1  i  N .

Notice that similar to the ReLU activation function we require the number of neurons to
be the same as the number of training points.
In the ReLU case, we also were able to obtain the rate of approximation. We can do the
same for certain continuous activation functions (z) that are not polynomials, but not all
of them. These results are for X = B d , the unit ball in Rd , i.e.,
B d = {x 2 Rd : kxk2  1} .
Like in the extension of the ReLU results, we will consider smooth label functions F 2
Cs (B d ), where s 1 indicates the smoothness of F (x) (s = 0 just means F (x) is continuous).
Let MN ( ) ⇢ M( ) denote one-layer neural networks with at most N neurons, i.e.,
f (x; ✓) =

N
X
k=1

↵(k) (hx, wk i + b(k)) .

In light of Theorem 8.10, here we use N to denote the number of neurons since this is the
number of neurons needed just to fit the training data. We also define the L1 (B d ) norm as:
kF kL1 (B d ) = sup |F (x)| ,
x2B d

which we note allows us to write:
sup |F (x)

x2B d

f (x; ✓)| = kF

f kL1 (B d ) .

We also recall the Lp (B d ) norm:
kF kLp (B d ) =

✓Z

p

Bd

3

|F (x)| dx

◆1/p

.

Note that kF

f k2L2 (B d ) is the squared loss. Finally we recall the Cs (B d ) norm is:
kF kCs (B d ) = max sup |@ F (x)| .
k k1 s x2B d

Our first result is the following.
Theorem 8.11 (Pinkus 1999, [13]). There exist 2 C1 (R) which are sigmoidal and strictly
increasing such that for every F 2 Cs (B d ) with kF kCs (B d )  1,
inf

f 2MN ( )

for each 1  p  1, s

kF

1, and d

f kLp (B d )  CN

s/(d 1)

,

2. The constant C is independent of F and N .

Theorem 8.11 has nearly the same rate of approximation as “local polynomial neuron”
analysis in (30). Like with that result, it shows that increased smoothness in F (x) increases
the rate of approximation, but it is still dampened by the dimension d which can be very
large in modern machine learning and deep learning applications. Also note, the theorem says
there exists a 2 C1 (R) that is sigmoidal and strictly increasing for which the result holds,
but it does not say the result holds for all such (z). In particular, one cannot conclude the
result holds for the regular sigmoid function, and in fact Pinkus remarks that the activation
functions (z) for which Theorem 8.11 holds are pathalogical and overly complex, despite
them having the nice properties of being infinitely diﬀerentiable, sigmoidal, and strictly
increasing. Nevertheless, the result gives a worst case bound on the rate of approximation
for certain one layer neural networks with smooth sigmoidal activation functions. Notice as
well that it holds for all Lp loss functions, for 1  p  1, which includes the squared loss
and uniform approximtion.
One may ask, though, are these worst case results on the rate of approximation an artifact
of proof technique, and thus not indicative of the true rate of approximation? For the squared
loss, it turns out the answer is “no.” Here is the remarkable result.
Theorem 8.12 (Maiorov 1999, [14]). Let (z) be a continuous activation function that is
not a polynomial. Then for each s
1, d
2, and N , there exists an F 2 Cs (B d ) with
kF kCs (B d )  1, such that
inf

f 2MN ( )

for each s

1 and d

kF

f kL2 (B d )

cN

s/(d 1)

,

2. The constant c is independent of F and N .

Combining Theorem 8.11 and Theorem 8.12 we see there exists sigmoidal activation
functions such that the resulting one layer neural network achieves a rate of approximation
of O(N s/(d 1) ) for F 2 Cs (B d ), but without additional information on F , one cannot expect
to do better than O(N s/(d 1) ).
As a final remark, we recall Example 8.4 which dealt with polynomial approximation.
By the Stone-Weierstrass theorem we observed the space of all polynomials also have the
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universal approximation property. What we did not quantify was the rate of approximation.
In fact it turns out that it is the same as the rate in Theorem 8.11. It thus follows, rather
definitively, from this and the previous considerations, that if we want to understand the
power of neural networks we must move beyond the one layer model.
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