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Let us continue our discussion of Theorem 8.13.

Remark 8.16. The proof of Theorem 8.13 is based upon the Kolmogorov Superposition
Theorem. In particular it utilizes an improved version, stated below.

Theorem 8.17 (Kolmogorov Superposition Theorem). There exists d constants �j > 0,
1  j  d, with

Pd
j=1 �j  1, and 2d + 1 strictly increasing continuous functions �k :

[0, 1] ! [0, 1], 1  k  2d+ 1, such that every F 2 C[0, 1]d can be represented as

F (x) = F (x(1), . . . , x(d)) =
2d+1X

k=1

G

 
dX

j=1

�j�k(x(j))

!
, (33)

for some G 2 C[0, 1] depending on F .

Using the Kolmogorov Superposition Theorem we can (crudely) sketch the proof of The-
orem 8.13.

Proof sketch of Theorem 8.13. Using the Kolmogorov Superposition Theorem we write F (x)
as in (33). Let � be the same activation function as from Theorem 8.11. We first approximate
G using �. In the proof of Theorem 8.11 (which is Proposition 6.3 and Corollary 6.4 in [13]),
it is shown that � can be constructed in such a way that for each H 2 C[�1, 1] and ⌘ > 0,
there exist constants a1, a2, a3 2 R and an integer m 2 Z for which

8 z 2 [�1, 1] , |H(z)� (a1�(z � 3) + a2�(z + 1) + a3�(z +m))| < ⌘ . (34)

Furthermore, �(z�3) and �(z+1) are linear on [0, 1]. The construction of � is accomplished
by using the fact that C1[�1, 1] is dense in C[�1, 1], which means there exists a countable
collection of functions {hk}

1
k=1 ⇢ C1[�1, 1] so that for each H 2 C[�1, 1] and each ⌘ there

exists k = k(H, ⌘) with
sup

z2[�1,1]
|H(z)� hk(z)| < ⌘ .

Pinkus then cleverly constructs � so that for each k � 1 there exists constants a1,k, a2,k, a3,k
with

a1,k�(z � 3) + a2,k�(z + 1) + a3,k�(z + 4k + 1) = uk(z) .

while also ensuring that �(z � 3) and �(z + 1) are linear on [0, 1] (in fact he places more
restrictions on �, but we will not need them for this discussion).
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Anyway, with (34) in hand we can apply it to G with ⌘ = ✏/2(2d + 1) and restrict the
domain from [�1, 1] to [0, 1], which gives:

8 z 2 [0, 1] , |G(z)� (a1�(z � 3) + a2�(z + 1) + a3�(z +m))| <
✏

2(2d+ 1)
.

We now use this approximation and the Kolmogorov Superposition Theorem to obtain:

8 x 2 [0, 1]d ,

�����F (x)�
2d+1X

k=1

"
a1�

 
dX

j=1

�j�k(x(j))� 3

!

+ a2�

 
dX

j=1

�j�k(x(j)) + 1

!
+ a3�

 
dX

j=1

�j�k(x(j)) +m

!#����� <
✏

2
.

Recall that �(z�3) and �(z+1) are linear on [0, 1], and that by the Kolmogorov Superposition
Theorem �k : [0, 1] ! [0, 1], so we can combine the first two terms:

2d+1X

k=1

a1

"
�

 
dX

j=1

�j�k(x(j))� 3

!
+ a2�

 
dX

j=1

�j�k(x(j)) + 1

!#

=
2d+2X

k=1

ck�

 
dX

j=1

�j�k(x(j)) + �k

!
,

where �2d+2 is �k for some 1  k  2d+ 1 and �k 2 {�3, 1} for each k. We thus have:

8 x 2 [0, 1]d ,

�����F (x)�
2d+2X

k=1

ck�

 
dX

j=1

�j�k(x(j)) + �k

!
� a3�

 
dX

j=1

�j�k(x(j)) +m

!����� <
✏

2
.

The proof proceeds by applying (34) to each H = �k for ⌘ small enough, and again using
the fact that �(z � 3) and �(z + 1) are linear on [0, 1]. After combining terms, the result is
obtained. For more details on the proof, see [13, Theorem 7.2].

Remark 8.18. The proof of Theorem 8.13 gives the structure of this two-layer network,
and in fact the number of connections between the first hidden layer and the second hidden
layer is quite small. In particular, f(x; ✓) can be written as:

f(x; ✓) =
4d+3X

`=1

↵(`)�

 
2d+1X

k=1

w2,`(k)�(hx, w1,k,`i+ b1(k, `)) + b2(`)

!
,

where w1,k,` 2 Rd for 1  k  2d + 1 and 1  `  4d + 3, b1 2 R(2d+1)⇥(4d+3), w2,` 2 R2d+1,
and b2 2 R4d+3. The network is illustrated in Figure 27. In [13], Pinkus says the network has
2d + 1 units in the first layer and 4d + 3 units in the second layer, but by most definitions
of neurons, as well as our own, it has (2d + 1)(4d + 3) neurons in the first layer and 4d + 3
neurons in the second layer.

2



Figure 27: Drawing of the Maiorov and Pinkus (1999) two-layer neural network that achieves the
result of Theorem 8.13.
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