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9.2 Compositional functions

The proof of Theorem 8.13 showing that two-layer networks require far fewer neurons than
one-layer networks, and the example in Section 9.1, both leverage compositional structure to
obtain their results. In fact, recent work contained in [18] studies the approximation theoretic
capabilities of shallow networks (one-layer networks) versus deep networks for the class of
smooth, compositional functions. A prototypical example is the following:

x 2 R8 , F (x) = F (x(1), . . . , x(8))

= H3(H21(H11(x(1), x(2)), H12(x(3), x(4))), (39)
H22(H13(x(5), x(6)), H14(x(7), x(8)))) ,

where F : R8
! R, but each function H� : R2

! R for � 2 {11, 12, 13, 14, 21, 22, 3}. This
function F (x) can be represented by a binary tree graph, as in Figure 28.

Figure 28: Illustration of the compositional function in (39) as a binary tree graph.

Compositional functions such as (39) are “local,” meaning that F (x) consists of a com-
positional heirarchy of functions that only depend on at most q variables; in the case of the
example (39), q = 2. While both one-layer networks and deep networks are universal func-
tion approximators, only deep networks can take advantage of the compositional structure
of functions (if the function has this structure). We saw this phenomenon to some extent in
the result of Maiorov and Pinkus, Theorem 8.13, which used the Kolmogorov Superposition
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Theorem to write any F 2 C[0, 1]d as a compositional function. Here we will explicitly as-
sume the function has such a structure and quantify what we mean by the statement that
deep networks can take advantage of this structure.

To that end let us again consider the space of functions Cs[0, 1]d. To be as precise as
possible, we note that [18] uses the a different norm on Cs[0, 1]d, which is different than the
norm we introduced earlier, but which is equivalent to (33). Anyway, here is the new norm:

kFkCs[0,1]d =
X

k�k1s

k@�FkL1[0,1]d ,

where we remind the reader that

kFkL1[0,1]d = sup
x2[0,1]d

|F (x)| .

Now let us define

Cs
2[0, 1]

d = { all compositional functions F (x) defined on [0, 1]d

that have a binary tree architecture as in Figure 28,
and for which the constituent functions H� 2 Cs[0, 1]2} .

We recall the space MN(�) = MN,d(�) of one layer networks with N neurons and that
take as input vectors x 2 Rd, which consists of functions f(x; ✓) of the form:

f(x; ✓) =
NX

k=1

↵(k)�(hx, wki+ b(k)) .

We remark that the number of trainable parameters in this network is:

# of trainable parameters = weight vectors wk + biases b(k) + final weights ↵(k)

= dN +N +N = (d+ 2)N .
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