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3.3 Quadratic form: The graph Laplacian

The graph Laplacian is defined as

L = LG := DG �MG .

It is a natural extension of the negative of the Laplacian operator � (from calculus) to graphs.
To (partially) see this, recall that the Laplacian operator applied to a twice-differentiable
function f : R ! R computes the second derivative of f , i.e.,

�f = f 00 when f : R ! R .

Recall further that the finite difference approximation of f 00(u) at u 2 R is

f 00(u) ⇡ f(u+ h)� 2f(u) + f(u� h)

h2
. (2)

Now consider the cycle graph with n = 5 vertices. Its graph Laplacian is:

L =

0

BBBB@

2 �1 0 0 �1
�1 2 �1 0 0
0 �1 2 �1 0
0 0 �1 2 �1

�1 0 0 �1 2

1

CCCCA
.

Now apply L to x and let us evaluate at an arbitrary vertex a 2 {1, 2, 3, 4, 5} of our cycle
graph. We get:

�Lx(a) = x(a+ 1 mod 5)� 2x(a) + x(a� 1 mod 5) . (3)

Notice that if you replace x with f and set h = 1 and ignore the modular arithmetic,
equation (3) looks very similar to (2).

The above discussion views L as an operator (a sort of discrete differential operator in
fact), but it will also be extremely useful to associate the following quadratic form to the
graph Laplacian:

xTLx =
X

(a,b)2E

w(a, b)(x(a)� x(b))2 . (4)
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Equation (4) measures the “smoothness” of x with respect to the graph G. If x changes
drastically over several edges in (a, b) 2 E with a large weight w(a, b), then (4) will be large.
On the other hand, if x only changes by small amounts over edges in the graph, then (4) will
be small. Notice that changes in x over pairs a, b 2 V such that (a, b) /2 E do not contribute
to (4).

4 Spectral Theory
Remark 5. We will denote the inner product between two vectors in two different ways,
namely:

hx,yi := xTy .

Spectral theory refers to the study of eigenvalues and eigenvectors of matrices (or oper-
ators). Let us recall their definition. Let M be an n ⇥ n matrix. An n ⇥ 1 vector  is an
eigenvector of M with eigenvalue µ 2 R if

M = µ ,

and if  is not the all zeros vector. Here are some equivalent formulations of eigenvalues:

• µ is an eigenvalue if and only if µI �M is a singular matrix (that is, not invertible).

• µ is an eigenvalue if and only if it is a root of the characteristic polynomial p(z) =
det(zI �M ).

For general square matrices, it is hard to know when they admit eigenvectors and and
eigenvalues. However, for real valued symmetric matrices, we have the following.

Theorem 1 (Spectral Theorem). Let M be an n⇥ n real valued, symmetric matrix. Then

there exists n real eigenvalues µ1, . . . , µn 2 R (not necessarily distinct) and n real valued,

orthonormal eigenvectors  1, . . . , n such that  i is an eigenvector of M with eigenvalue

�i. That is:

M i = µi i ,

h i, ji =
⇢

1 i = j
0 i 6= j

.

The eigenvalues of M are unique but the eigenvectors are not. Indeed, if  is an eigen-
vector, then � is also an eigenvector. Things can get even more complicated if some
eigenvalues are repeated.

Many of the matrices we encounter in this course will be real valued and symmetric, and
so the spectral theorem will apply. Others, such as the random walk matrix, will not be
symmetric but they will be similar to a symmetric matrix, and so we will see that we can
still use the Spectral Theorem to understand them.
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Often the matrices we study will also be positive semidefinite. A matrix is positive
semidefinite if it is symmetric and all of its eigenvalues are non-negative. A matrix is positive

definite if it is symmetric and if all of its eigenvalues are positive. The next theorem proves
the graph Laplacian is positive semidefinite.

Theorem 2. The graph Laplacian is positive semidefinite.

Proof. Let  be an eigenvector of L with k k = 1 and with eigenvalue �. Then:

 TL =  T� = � ,

but on the other hand

 TL =
X

(a,b)2E

w(a, b)( (a)� (b))2 � 0 .

Furthermore, one can verify
L1 = 0 ,

where 0 is the vector of all zeros, meaning that � = 0 is always an eigenvalue of L with
constant eigenvector. Thus L is positive semidefinite and not positive definite.

Remark 6. We will always order the eigenvalues of L in increasing order, i.e.,

0 = �1  �2  �3  · · ·  �n .

I will also do my best to reserve the letter � for eigenvalues of the graph Laplacian, and to
use other (Greek) letters for eigenvalues of other matrices.

5 Previews
In this section we give previews of some of the things that will motivate us and some of the
things we will study this semester.

5.1 Eigenvalue/eigenvector frequency

Eigenvalues and eigenvectors of the graph Laplacian have a natural notion of frequency, with
smaller eigenvalues corresponding lower frequencies and larger eigenvalues corresponding to
higher frequencies. We can use the path graph to illustrate this idea now; we will delve into
it in more depth later. Let us take a look at the path graph on ten vertices; Figure 7 has a
picture.

Here are the eigenvalues of the graph Laplacian of the path graph with n = 10 ver-
tices: -5.16451812e-16, 9.78869674e-02, 3.81966011e-01, 8.24429495e-01, 1.38196601e+00,
2.00000000e+00, 2.61803399e+00, 3.17557050e+00, 3.61803399e+00, 3.90211303e+00. There
is a pattern here that we will prove later, but for now will remain a mystery.
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Figure 7: The path graph with n = 10 vertices.

Figure 8: The second eigenvector of the graph Laplacian of the path graph with n = 10
vertices.

We know from the proof of Theorem 2 that the first eigenvalue is zero and its correspond-
ing eigenvector is constant. Since that is not very interesting, let us move onto the second
eigenvector, which is plotted in Figure 8. We can see the second eigenvector increases over
the path graph.

Now let us plot the second, third, and fourth eigenvectors of the path graph to get a
better feel for what is going on. Take a look at Figure 9. We see that as the eigenvalue
increases, the eigenvectors oscillate at higher and higher frequencies. Put another way, the
second eigenvector just increases, the third eigenvector goes down and then up, while the
fourth eigenvector goes up, then down, then back up. These eigenvectors are like discrete
versions of the modes of a vibrating string.

Figure 9: Left: The second eigenvector of the path graph. Middle: The third eigenvector of
the path graph. Right: The fourth eigenvector of the path graph.
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To drive the point home further, let us look at the eighth, ninth, and tenth eigenvectors,
which correspond to the three eigenvectors with the three largest eigenvalues. They are
plotted in Figure 10. We see the oscillate at very high frequencies! In particular, the last
one goes up and down across each edge of the path graph.

Figure 10: Left: The eighth eigenvector of the path graph. Middle: The ninth eigenvector
of the path graph. Right: The tenth eigenvector of the path graph.

Later in the course we will make this observation precise, first for the path graph, and
then for general graphs. These results in turn will lead to lots of interesting things, such as
clustering algorithms and graph signal processing, among others.

5.2 Graph signal processing

In the previous section we observed (anecdotally) that eigenvalue can be a proxy for the
frequency of the eigenvector of the graph Laplacian. We can take this one step further by
interpreting the eigenvectors of the graph Laplacian as the Fourier modes of the graph G. In
doing so, we can create a mathematical language for signal processing on graphs, in which
the aim is to extract information from a signal x defined on a graph G.

One of the key things we will be able to do is to develop notions of graph filters that
can be used to carry out this signal information extraction. Figure 11 shows an example in
which numerically the manifold is approximated by a graph and the filters are derived from
the resulting eigenvalues and eigenvectors of the graph Laplacian.

5.3 Graph convolutional networks

Graph convolutional networks merge signal processing on graphs with machine learning to
carry out complex inference tasks. Spectral based graph convolutional networks are based
upon graph signal processing and spectral graph theory.
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Figure 11: Filters of two different sizes and locations on the person manifold, which numer-
ically is approximated by a graph. Figure taken from [2].

5.4 Random walks on graphs

We already briefly saw random walks on graphs. We will study them in more detail. They
also play a large role in machine learning on graphs and we will use them to develop models
for filters on graphs that are pertinent to graph signal processing and graph convolutional
networks.

5.5 Spectral clustering

Spectral graph theory also leads to a class of clustering algorithms called spectral clustering
methods. Here is the idea, which we will study in more detail later in the course.

We already saw that the first eigenvalue of the graph Laplacian is zero, that is �1 = 0.
It turns out if the graph is disconnected, then �2 = 0 as well. In fact, the multiplicity of the
zero eigenvalue will tell us the number of connected components of the graph.

That is already pretty cool. However, we can say even more. Suppose that G is connected.
Then we will show that necessarily �2 > 0. In fact, though, the magnitude of �2 tells us how
well connected G is. We will make this statement quantitatively precise.

5.6 Graph embeddings/drawings

We can use the low frequency eigenvectors embed graphs in low dimensions, such as R2 for
visualization. This can be a good way to get an initial impression of a graph you do not
know much about. Here is one way we can embed a graph in two dimensions. For each
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vertex a 2 V , we map it to:
a 7! ( 2(a), 3(a)) 2 R2 . (5)

We do not use  1 because it is the constant vector and will give us know information about
the graph. We then plot the vertices using the coordinates ( 2(a), 3(a)).

In Figure 12(a) is a visualization of the Minnesota graph, which represents the road
network in the state of Minnesota. We compute its graph Laplacian and corresponding
eigenvectors, and in Figure 12(b) use the 2nd and 3rd eigenvectors to embed the graph into
R2 using the map (5). The embedding is not bad, particularly if you knew nothing about
the graph.

(a) The Minnesota graph visualized using the
physical geometry of the state

(b) The embedding of the Minnesota graph
into R2 using (5)

Figure 12: The Minnesota graph and its embedding

5.7 Graph approximation

We may discuss what it means for one graph to approximate another graph. Using this
language, we can develop algorithms to approximate dense/arbitrary graphs with sparse
graphs (that is, graphs with only a few edges), which reduces the memory required to store
the graph on a computer and can make some graph processing algorithms more efficient.
Depending on interest and time, we may also even discuss how to reduce the number of
edges and vertices of a graph, while maintaining its spectral properties.

References
[1] Daniel A. Spielman. Spectral and algebraic graph theory. Book draft, available at:

http://cs-www.cs.yale.edu/homes/spielman/sagt/, 2019.

[2] Michael Perlmutter, Feng Gao, Guy Wolf, and Matthew Hirn. Geometric scattering
networks on compact Riemannian manifolds. In Proceedings of The First Mathematical

16



and Scientific Machine Learning Conference, Proceedings of Machine Learning Research,
volume 107, pages 570–604, 2020.

17


	Introduction
	Graphs
	Matrices for graphs
	Spreadsheet: The adjacency matrix
	Operator: Random walks
	Quadratic form: The graph Laplacian

	Spectral Theory
	Previews
	Eigenvalue/eigenvector frequency
	Graph signal processing
	Graph convolutional networks
	Random walks on graphs
	Spectral clustering
	Graph embeddings/drawings
	Graph approximation

	Eigenvalues and optimization: The Courant-Fischer Theorem
	The Laplacian and connectivity
	Drawing with Laplacian eigenvectors

