
CMSE 890-001: Spectral Graph Theory and Related Topics, MSU, Spring 2021

Homework 03
Due: February 12, 2021

In class we came up with a new way of writing the graph Laplacian of an arbitrary graph in
terms of the graph Laplacians of graphs with only a single edge. However, we did not prove
the two formulations are the same. Let’s do that now.

Exercise 1. Recall that Ga,b is the graph with n vertices and only the single edge (a, b). Let
G = (V,E,w) be a weighted graph with graph Laplacian LG =DG −MG. Prove:

LG =
∑

(a,b)∈E

w(a, b)LGa,b
.

Define the barbell graph Bm,n = (V,E) for m ≥ 2 and n ≥ 1 as the graph consisting of two
separate complete graphs Kn connected by a path graph Pm in which one endpoint of Pm is
shared with one Kn, and the other endpoint of Pm is shared with the other Kn; see Figure
1 for a picture. Note that |V | = 2n +m − 2 and |E| = n(n − 1) +m − 1. In the next two
exercises we will estimate λ2(Bm,n) using the test vector technique and the Loewner partial
order.

Figure 1: The barbell graph Bm,n.

Exercise 2. Use an appropriate test vector to prove:

λ2(Bm,n) ≤
12

6(n− 1)(m− 1) +m(m+ 1)
.

Exercise 3. Use the Loewner partial order to prove:

λ2(Bm,n) ≥
2

2n(m+ 1) + (m− 3)(m+ 1)
.
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Now let us do some coding and investigation into product graphs.

Exercise 4. Write a function product_graph that takes as input the adjacency matrices
MG and MH of two graphs G and H, respectively, and returns the adjacency matrix MG×H
of the product graph G×H. Test your code on two examples:

• Cm × Pn where Cm is the cycle graph with m vertices and Pn is the path graph with
n vertices. Set m = 20 and n = 15. Compute the eigenvectors of LCm×Pn and plot
the three-dimensional eigenvector embedding (ψ1,ψ2,ψ3). Intuitively Cm × Pn is a
cylinder, and if all goes well, your eigenvector embedding should look like a cylinder
too.

• Pm×Pn with m = n = 5, which is the grid graph. Compute the eigenvectors of LPm×Pn

and plot the two-dimensional eigenvector embedding (ψ1,ψ2). You should get a good
plot of the grid.

Turn in a Python Jupyter notebook that I can run.

Exercise 5. Let’s do some more investigation into eigenvector embeddings of product graphs
using the grid graph Pm × Pn.

• Plot the eigenvector embedding (ψ1,ψ2) for m = 5 and 5 ≤ n ≤ 9. You should get
good embeddings of the grid.

• Now plot the eigenvector embedding for m = 5 and n = 10. This embedding, unless
you are lucky, should not be perfect but still gives some insight into the grid structure
of the graph.

• Finally, plot the eigenvector embedding for m = 5 and n = 11. This embedding should
be bad.

Do some numerical investigation (or if you want to wait till after Lecture 07, pen and paper
investigation) and explain what is happening. Turn in a Python Jupyter notebook with your
work (you can combine Exercises 4 and 5 into one notebook if you like).
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