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22 Graph signal processing
The main reference for this section is [3].

Now that we have completed our understanding of eigenvector frequency, we can take a
small tangent and discuss graph signal processing. In graph signal processing, one is given a
graph G = (V,E,w) and a signal x : V ! R. The goal is to extract information from the
signal x with respect to the graph G on which it is defined. Unlike our work thus far, in
which our sole goal was to extract information about the graph G, and the use of signal x,
such as test vectors, was a means to that end, here the signal x is the object of interest.

Here are some examples of this setting:

• The vertices of the graph consist of words and one places edges between words that
have similar meaning and which are used together. We can represent a text document
as a signal x on this graph by assigning x(a) (remember a 2 V is a word) to be the
number of times the word appears in the document. By extracting information from
the signal x, we extract information about the document it represents.

• The graph represents a discrete sampling of the earth (so a discrete sampling of the
sphere in which we connect nearby samples with edges) or some other graph repre-
sentation of a geographic region, such as the Minnesota graph. The signal x could
represent a phenomenon over the region, such as weather patterns, or the spread of
a disease (such as COVID-19). Different signals could represent different time snap
shots of the weather or disease spread, respectively.

• Gene-gene interaction network in which nodes are genes and edges are placed between
genes with a physical and/or functional relationship. A signal x : V ! R could
correspond to single cell sequencing of the genes for a particular individual. We could
have multiple signals, some from healthy individuals, and some from individuals with
a particular disease.

22.1 The graph Fourier transform

In classical signal processing one often analyzes a signal through its Fourier transform, which
measures the frequencies present in the signal. Suppose we have a signal f : R ! R, such as
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a time series. We measure the frequencies of f by computing its Fourier transform. Define
e! : R ! C as

e!(t) := ei!t = cos(!t) + i sin(!t) , ! 2 R, t 2 R ,

and define the Fourier transform of f , denote by bf : R ! C, as

bf(!) := hf, e!i =
Z +1

�1
f(t)e�i!t dt . (30)

If
kfk1 :=

Z +1

�1
|f(t)| dt < 1 ,

then (30) is finite for all ! 2 R and the Fourier transform is well defined. If k bfk1 < 1 as
well, then one can show that bf determines f and we have the following Fourier inversion
result:

f(t) =

Z +1

�1

bf(!)ei!t d! =

Z +1

�1
hf, e!ie!(t) d! . (31)

The second way of writing (31) is meant to recall an orthonormal basis expansion of a vector.
Indeed, if one replaces the integral with a finite sum, it is exactly that. The function e! is an
oscillating function that vibrates at the frequency !, and the Fourier transform measures the
overlap of f with e!. In light of (31), we see that knowing this frequency representation of
f is equivalent to knowing f itself, and each Fourier coefficient bf(!) encodes the proportion
of f that vibrates at the frequency !.

We now ask the question as to how the complex sinusoidal functions e! arise. To that end,
define the Laplacian � as the operator that maps a twice-differentiable function f : R ! R
to the negative of its second derivative:

�f := �f 00 .

Notice, the functions e! are eigenfunctions of �. Indeed,

�e!(t) = �e00
!
(t) = � d2

dt2
ei!t = �(i!)2ei!t = !2e!(t) , (32)

and so the eigenvalue associated to e! is !2. These eigenfunctions are orthogonal (in the sense
of distributions), and the Fourier inversion formula (31) implies that any other eigenfunction
would not be linearly independent.

As discussed back in Section 3.3 (Lecture 02), the graph Laplacian L is the analogue of
the Laplacian for signals x defined on a graph G = (V,E,w). The above discussion shows,
then, that the eigenvectors of L are the analogues of the sinusoidal functions ek. Indeed, these
eigenvectors { k}nk=1 can be thought of as the harmonics of the graph G. Furthermore, by
our recent work on the cycle graph (Theorem 17), the path graph (Theorem 18), the weighted
path graph (Theorem 32), and Fiedler’s Nodal Domain Theorem for general weighted graph
(Theorem 33), we know that the index k of  k is a proxy for the frequency of the eigenvector.

67



Therefore, we define the graph Fourier transform of a signal x : V ! R, denoted by bx 2 Rn,
as

bx(k) := hx, ki , 1  k  n .

Since { k}nk=1 forms an ONB for Rn, we have the Fourier inverse:

x =
nX

k=1

bx(k) k =
nX

k=1

hx, ki k . (33)

Thus bx provides an alternate way of encoding the signal x through its frequency responses
with respect to the harmonics of the graph G; see also Figure 24. We also observe, in light
of (32), that �k can be interpreted as the frequency squared of the eigenvector  k.

Figure 24: (a) The Minnesota graph and a signal x defined on the vertices of it, with values
x(a) indicated by the blue spikes at each vertex. (b) The graph Fourier transform, bx(k), of
the signal x, plotted as a function of the eigenvalues �k. In this case bx(k) = e�5�k and x is
obtained using the graph Fourier inverse formula (33). Figure taken from [3, Figure 4].

22.2 Smoothness and decay

In signal processing one relates the smoothness of a signal f to the decay of its Fourier
transform bf . Informally, the smoother the signal f (as measured by the number of times
one can differentiate f), the faster its Fourier transform bf(!) will decay as |!| ! 1, and
vice versa.

We can make a similar observation for graph signals x. Recall we can use the graph
Laplacian quadratic form to measure the smoothness of x, and by Lemma 4 we can write it
using the Fourier transform of x:

x
T
Lx =

X

(a,b)2E

w(a, b)(x(a)� x(b))2 =
nX

k=1

�k|hx, ki|2 =
nX

k=1

�k|bx(k)|2 .
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Recalling that 0 = �1  �2  · · ·  �n, we see that if xT
Lx is small (and hence x is smooth),

then |bx(k)| will be small for large k, and conversely, if |bx(k)| decays as k gets larger, then
x
T
Lx will be small and hence x will be smooth.
It is important to note how strongly this notion of smoothness depends on the underlying

graph structure. Indeed, if two graphs G1 = (V,E1) and G2 = (V,E2) have the same vertices
V but different edge sets E1 and E2, a signal x can be defined on either graph. However,
the smoothness of x with respect to G1 may be very different than the smoothness of x with
respect to G2; see Figure 25 for an example.

Figure 25: (a) Three graphs Gi = (V,Ei), 1  i  3, with a common vertex set but different
edge sets. A common signal x : V ! R is plotted on each graph. By considering the edges
in each graph, we can visually see the smoothness of x will change from graph to graph,
with decreasing smoothness from left to right. We have x

T
LG1x = 0.14, xT

LG2x = 1.31,
and x

T
LG3x = 1.81, indicating quantitatively that x is smoothest on G1 and is the least

smooth on G3. (b) The graph Fourier transform, bx(k), with respect to each graph Gi. In
the case of G1, on which x is the smoothest, we see that bx(k) is concentrated on k = 2. On
the other hand, in the case of G3, on which x is the last smooth, |bx(k)| is small for small k
and is larger for some intermediate and larger values of k. The graph G2 is an intermediate
case, which is reflected by bx on this graph. Figure taken from [3, Figure S1].
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