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22.6 Dilations and graph wavelets

In classical signal processing wavelet transforms are a common way of filtering a signal
f : R ! R. A wavelet h is a filter that is localized in time/space, its Fourier transform
bh : R ! R is localized in frequency, and the filter has zero average:

bh(0) =
Z

R
h(t) dt = 0 . (47)

A typical wavelet, along with its Fourier transform, is plotted in Figure 27. Notice that
because it has zero average, it oscillates. But unlike e!(t) = ei!t, the support of this waveform
is localized in space. This localization allows the wavelet, when used to filter f via f ⇤ h,
to isolate localized phenomena in the signal f , such as sharp transitions (edges in images),
which is not possible with standard Fourier analysis.

Figure 27: A typical wavelet (left), and its Fourier transform (right). Figure taken from [4].

Now, because we do not know exactly what scale we want to use for a given signal f , and
because an individual signal f may exhibit different types of patterns at different scales, we
dilate the wavelet to make it larger and smaller. The standard approach is to do this using
dyadic scales:

hj(t) := 2�jh(2�jt) , j 2 Z .
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When j > 0, the filter hj widens its support relative to h, and when j < 0, the filter
hj shrinks its support relative to h. We then filter information in f at different scales by
computing f ⇤ hj for j < J for some maximum scale 2J . Notice that

bhj(!) = bh(2j!) . (48)

Thus, using the Fourier convolution theorem (35), we have:

\f ⇤ hj(!) = bf(!)bh(2j!) ,

and so, from the frequency perspective, f ⇤hj captures the high frequencies of f in proportion
to 2�j (hence the use of the letter h to denote this filter).

In order to capture large scale phenomena in the signal f at the scale larger than 2J , we
use a low pass filter. Let ` : R ! R denote a low pass filter, which we will assume means `
is localized in time/space, it has unit integral,

b̀(0) =
Z

R
`(t) dt = 1 ,

and b̀(!) is localized around ! = 0. A typical low pass filter is plotted in Figure 28.

Figure 28: A typical low pass filter (left), and its Fourier transform (right). Figure taken
from [4].

The wavelet transform of f computes:

WJf := {f ⇤ `J , f ⇤ hj : j < J} ,

which captures the low frequencies of f via f ⇤ `J (hence the use of the letter ` for this
filter), the high frequencies of f via f ⇤ hj for j < J , and thus all the information in the
signal f (recall the Fourier inversion formula (31)). In practice, one places a minimum value
on j in proportion to the sampling resolution of the signal f (i.e., how many samples of
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(a) 1D wavelet transform (figure taken from [4])

(b) 2D wavelet transform

Figure 29: The 1D wavelet transform (a) and the 2D wavelet transform (b). In both cases,
the low pass filtering f ⇤`J smooths the original signal f . The high pass filtering coefficients,
f⇤hj, on the other hand, recover sharp transitions in the signal f , such as jump discontinuities
in the 1D case and edges in the 2D case.
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f(t) you get on the computer). Figure 29 shows a one-dimension wavelet transform and a
two-dimensional wavelet transform.

Our goal is to extend the wavelet transform to graphs. In order to do so, we need a
notion of dilation. Similar to translations, it is difficult to define the dilation of a filter h

directly on the vertices of the graph. However we can define dilation in frequency. Let bh be
a function of the eigenvalues of L, i.e.,

bh(k) = g(�k) ,

for some function g : [0,1) ! R. Using (48) as our inspiration, we define the dilation of h
via:

bhj(k) := g(2j�k) .

We can define a graph low pass filter ` via its graph Fourier transform as

b̀
J(k) = glow(2

J�k) ,

where glow : [0,1) ! R is designed so that glow(0) = 1, glow(t) � 0, and glow is a (not
necessarily monotonic) decreasing function. Similarly, we can define a high pass wavelet
filter h via its graph Fourier transform as

bhj(k) = ghigh(2
j�k) ,

where ghigh : [0,1) ! R is designed so that ghigh(0) = 0, ghigh(t) � 0, and the essential
support of ghigh(t) is localized around a fixed value t0 (so that g(2jt) is localized around
2�jt0). One can verify that X

a2V

hj(a) = 0 ,

which mimics the zero-average condition (47) on Euclidean wavelets. See Figure 30 for an
illustration of how b̀

J and bhj fit together. Figure 31, on the other hand, shows graph wavelets
plotted on people manifolds that are approximated numerically as graphs.

Figure 30: Illustration of the graph low pass (blue) and graph wavelet (red) Fourier trans-
forms, when taken as a function of the eigenvalue of the graph Laplacian.

79



Figure 31: Graph wavelets, (hj)b, plotted in space using the graph translation operator (45),
for increasing j from left to right. The first two rows are the same manifold, but the wavelet
is translated to two different vertices b. The last two rows are different manifolds, but the
wavelet is translated to the same vertex b. Figure taken from [2].

We can define glow and ghigh in such a way so that the graph wavelet transform runs over
0  j < J . In that case, the graph wavelet transform WJ : Rn ! Rn⇥(J+1) is defined as

WJx := {x ⇤ `J , x ⇤ hj : 0  j < J} .

The graph wavelet transform provides a multiscale representation of the signal x : V ! R
with respect to the underlying graph structure G. It represents x in terms of J + 1 graph
signals that decompose x at different scales according to the graph G. See Figure 32 for an
example applied to the spherical MNIST data.

Figure 32: The graph wavelet transform applied to an MNIST handwritten digit projected
onto the sphere. Numerically, the sphere is approximated by a graph and the digit’s responses
on the vertices of this graph form a graph signal x.
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We can define the norm of WJx as

kWjxk2 := kx ⇤ `Jk2 +
J�1X

j=0

kx ⇤ hjk2 .

The next theorem shows that under certain conditions on glow and ghigh, the graph wavelet
transform will preserve the norm of x and is invertible.

Theorem 38. Let G = (V,E,w) be a weighted graph with graph Laplacian eigenvalues
0 = �1  �2  · · ·  �n. If

|glow(2Jt)|2 +
J�1X

j=0

|ghigh(2jt)|2 = 1 , 8 t 2 [0,�n] , (49)

then

kWJxk = kxk and x = W
T

J
WJx = x ⇤ `J ⇤ `J +

J�1X

j=0

x ⇤ hj ⇤ hj .

I leave the proof of Theorem 38 for your homework. One possibility for satisfying the
requirements of Theorem 38 is the following. Let G = (V,E,w) be a connected graph and
let glow be any low pass filter function such that

glow(t) = 1 , 8 t 2 [0,�n] ,

with glow(t) decreasing for t > �n; see Figure 33 for an illustration. Then set

ghigh(t) =
�
|glow(t)|2 � |glow(2t)|2

�1/2
. (50)

One can verify this combination of glow and ghigh will satisfy (49), but there are other ways
as well.

Figure 33: One possibility for glow that, when combined with ghigh as defined in (50), will
satisfy the conditions of Theorem 38.
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